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Construction of the measures

For contraction rates B = (8, ...,0n) € (0,1)"
and D = (dy,...,dy) € R" translations con-
sider an TFS

Tix = Bz + d; 1=1,...n

For a probability vector P = (py, . .., pn) there
is a unique self-similar measure ,ug p with

n
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HB.D = Z p; Ti( HB,D )
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HB D = 7TB,D(b )

where bf is a Bernoulli measure on the se-
quence space > and

O n L

mpp(s) = sp]] ﬁfi )

k=0 =1
ﬁf(s) = Card{sj|s; =d;for j =0,... k—1}.



Singularity

— > i1 pilog(p;)
— Y i1 pilog(5;)

Hence ,u]é p 18 singular if

n n
177> 118"
i=1 i=1

Idea: The coding map is Lipschitz with re-
spect to the metric

n

(s
(s, t) = [] 4
1=1

with € = min{k|s;. # t;.} and does not in-
crease dimension. Use Birkhoft’s and Shan-
non’s theorem in the symbolic space (X, d) to
oet the right hand side.



Transversality

Consider powerseries

o
Fy={f(x) =1+ bya"|b, € [-b,b]}
k=1
and let

t(b) = min{z > 0|13f € F f(z) = f'(x) = 0}

Fach function f € JFy crosses the z-axis trans-
versely with slope in [—p, p| on the interval of
transversality [0,(b) — ¢

It is known that
t(1) = 0.64913...
t(2) = 0.5
t(3) = 0.42772...
tb) > (Vo+ 1) or b e [1,3+ V8]
t(h) = (Vb+1)"forb e [3+ V8, ).
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Generic absolute continuity

For all A € (0, 1]" and for almost all

the self-similar measure ,ug A p 18 absolutely

continuous and has a density in L? for almost

all
B e Z% D, A) ).

The lower bound on a.c. is sharp.

The upper bound is given by the transversality
techniques

- maX{Ckidj‘dj > O} + maX{—Ozidj‘dj < 0}

D, A) = t(b) — .



One example

Let D € (0,2]" and P = (1/n,1/n,...,1/n)
and A = (ag,q9,...,an).

We get absolute continuity of the correspond-
ing self-similar measure ,ug A p for almost all

B e (1/(%@/&10&2 . &n),0.5)

and density in L? for almost all

3 e (1/n’ Z@i 0.5)

A= (1,2/3,3/4). For almost all
B € (1/(3v2),0.5)
the self-similar measure ,ug p with

B =(0,26/3,36/4)

is absolutely continuous and has a density in
L? for almost

3 € (23/54,1/2)
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Number theoretical exceptions

Consider the special case

Tix = (Bix Tox = Pox + 1

With P = (1/2,1/2) for almost all 3, 8y €
(0,0.649) with ;082 > 1/4 the self-similar
measures g3, g, are absolutely continuous.

For all By € (1/4,1/2) and e > 0 sufficient
small there is an
1 1

ﬁl S (452’462 —|—€)

such that the measure pg 3, is singular with
dim g7 136, <1

One example is given by a solution 31, B9 of
S SR SO M B N S M

= XY — :1:2y — SL‘By — :1:4y — :c5y - x5y2



