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» A Pisot number o > 1 is an algebraic integer with all it
conjugates inside the unite circle.

S
min{|a" — z|z € Z} < d§"

with 0 = max{|a;||a;j conj. a} <1 and d = degree(a) — 1

n n
|Z sk — Z §ka_k| > Ca™"
k=1
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for a constant C > 0 and all s, 5 = +1 such that the points
are different.
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Examples of Pisot numbers

» The golden mean o = \/52“ is the only Pisot number of

degree two.

» A sequence «, — 2 of Pisot numbers «, is given by the roots
of
XT—x"l o —x—-1=0

» The smallest Pisot number o &~ 1.3247 is a root of

X —x—-1=0

» The set of Pisot numbers S is closed in R.
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Self-similar measures

» Let (T1,..., Tp) be linear contractions on an closed interval
ICR
Tix = Bix + d;

and let (p1,...,pn) be a probability vector.

» There is a unique Borel probability measure i on | with

po= Z pi Ti(p)
i—1

> 1 is either singular p L ¢ or equivalent p ~ £ to Lebesgue
measure {.
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» The infinite convolved Bernoulli measure
o =*2(Pdgi + (L — p)d_gi)
is the self similar measure with respect to the maps
Tix=0x+1 Tox =px—1
» If pe (1/3,2/3), pu ~ £ for almost all
BelpP(l—-p)P.1)

and L £ if B is not in this interval

» This result can be generalized to inhomogeneous convolutions

p=xi—o(pidgi + (1 = pi)d_g)
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The Erdos-Salem theorem

» The Fourier transform of a (inhomogeneous) Bernoulli
convolution p is

o0

&) = [ [(cos(87¢) + (2pi — 1) sin(87¢)i)

i=0

> (3 is the reciprocal of a Pisot number if and only if fi(§) does
not tend to zero for £ — o

» If 3 is the reciprocal of a Pisot number than p is singular with
dimy n < 1.

» For p=1/2"if" by "only if" by and the
dimension drop by
For p # 1/2 constant "only if’ by
The version stated here
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Nonuniform self-similar measures

» Consider the self-similar measure 1 given

p=1/2(Tip+ Top)
with
Tix = Bix Tox = Bax +1

> 1 ~ £ for almost all 31, 32 € (0,0.66) with 818, > 1/4 and
L Lif 5102 < 1/4.

» There are solutions (1, 52 € (0,0.66) of the algebraic equation
x—xy—xyz—xy3—xy4—xy5 = —y+xy+x2y+x3y+x4y—i—x5y

with 8102 > 1/4 such that p is singular with dimy u < 1.

» Using Mathematica for (1, 52) = (0.39,0.6432...) the
measurer g is singular with dimy 1 < 0.9986.
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Some ergodic theory

>

Let X be a metric space and T : X —— X measurable with a
compact invariant set A.

A Borel probability measure 1 on A is ergodic if
T(p)=pand T(B)=B= u(B)c{0,1} VBCA

Ergodic measures characterize the long term behavior of a
system almost everywhere

An ergodic measure p has full dimension on A if
dimH,u = dimH A

If T is conformal with an repeller A than there exists an
ergodic measure of full dimension on A. Especially this hold
for holomorphic maps on C and differentiable maps on R.



Baker transformation

» The Baker transformation fz : R x [-1,1] — R x [-1, 1] for
B € (0,1) is given by

_ (Bx+(1-p),2y—-1) if y>0
fﬂ(X7y)_{(ﬁX—(1—ﬁ),2y+1) if y<O0



Baker transformation

» The Baker transformation fz : R x [-1,1] — R x [-1, 1] for
B € (0,1) is given by

_ (Bx+(1-p),2y—-1) if y>0
fﬂ(X7y)_{(ﬁX—(1—ﬁ),2y+1) if y<O0

» It has an invariant attractor

A= ﬁ £7(R x [~1,1])
n=0



Baker transformation

» The Baker transformation fz : R x [-1,1] — R x [-1, 1] for
B € (0,1) is given by

(Bx+(1-p),2y—1) if y>0
(Bx—(1—-p),2y+1) if y<O0

» It has an invariant attractor

fa(x,y) = {

A= ﬁ £7(R x [~1,1])
n=0

> Let ppg be the Bernoulli convolution with p = 1/2. The
measure g X £ is ergodic on A for f3.



Figure I: The Baker transformation
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Dimension theory for the Baker transformation

» If 5 €(0,1/2) we have A = C x [—1, 1] for a Cantor set C and

log(2)
log(51)

» If 3 €[1/2,1) we have A = [~1,1]? hence dimy A = 2.
» For almost all 5 € [1/2,1) we have

dimH(,ug X f) =dimyA=1+

dimH(ug X f) =2

as consequence of
» If 3 €[1/2,1) is the reciprocal of a Pisot number

sup{dimy u|p ergodic} < 2

using Erdos/Salem theorem and Garsia lemma.
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Linear Solenoids

» For 31, B2, 71,72 € (0,1) let £ : [~1,1]3 — [~1,1]> be given
by

 (Bix+(1=p1),y+(1—-11),2z-1)ify >0
fley.2) =1 (Box — (L= fB2), 2y — (L —1),2z4+ 1) if y <0

with 1 + 08> >1land 11 + 1 < 1.
» The linear solenoid is the invariant hyperbolic attractor of f

A= ﬁ f1([-1,1]?)
n=0

» The projection of ergodic Bernoulli measures © on A to the
x-axis are non-uniform self similar measures.



Figure Il: The linear solenoid transformation
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Dimension theory for linear Solenoids
» For almost all g1, 52 € (0,0.66)
dimgA=D
where D is the solution
G0+ GrPt = 1

> If log,, 23> = log,, 2031 there is an ergodic measure y of full
dimension

> If log,, 232 # log,, 201.
sup{dimp p|u ergodic} < D

» Conjecture: There are solutions (31, 32) of algebraic equations
in two variables such that

dimg A < D

» This is true if 3 = (31 = [3» is the reciprocal of a Pisot number.



