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@ The d-dimension Hausdorff measure of B C R" is

d I T ; d . di .
79(B) = emolnf{; diam(C;)?|B C | Ci, diam(C;) < e}.

i=1
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@ The d-dimension Hausdorff measure of B C R" is
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@ The Hausdorff dimension of B is given by
dim B = inf{d > 0|%“(B) = 0} = sup{d > 0|$°(B) = oo}

@ The Hausdorff dimension of a finite Borel measure p is
dimp = inf{dim B|u(B) = 1}
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Some Notations

@ The d-dimension Hausdorff measure of B C R" is
99(B) = emoinf{z; diam(C;)?|B C U1 C;, diam(C)) < €}.
1= 1=
@ The Hausdorff dimension of B is given by
dim B = inf{d > 0|%“(B) = 0} = sup{d > 0|$°(B) = oo}

@ The Hausdorff dimension of a finite Borel measure p is
dimp = inf{dim B|u(B) = 1}

@ The local dimension of ;1 in x € R" in
_ i 109 p(Be(x))
dpx) = m —=loge

provided that the limit exits.

Jorg Neunhauserer Multifractal analysis of self similar measures



Some Notations

Multifractal spectra

Multifractal analysis of self similar measures



Some Notations

Multifractal spectra

Multifractal analysis of self similar measures



Some Notations

Multifractal spectra

@ We consider level sets and the decomposition for the local
dimension of x supprot by X

Xo={Xld(n,x)=0a}, X=[]XaUXs

a€eR
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Some Notations

Multifractal spectra

@ We consider level sets and the decomposition for the local
dimension of x supprot by X

Xo={Xld(n,x)=0a}, X=[]XaUXs

a€eR

@ f(a) =dim X, is the dimension spectrum of 1.
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Some Notations

Multifractal spectra

@ We consider level sets and the decomposition for the local
dimension of x supprot by X

Xo={Xld(n,x)=0a}, X=[]XaUXs

a€eR

@ f(a) =dim X, is the dimension spectrum of 1.
@ The L9 spectrum of yu is given by

logsup >° u(Be(X;))
loge

7(q) = liminf
e—0

where the supremum is taken over closed and disjoint balls
(< e-grids for some classes of measures).
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Some Notations

Self-similar measures

@ For p, 51, 82 € (0,1) we consider non-uniform self-similar
measures u = M% 5, ONR uniquely defined by

p=pThp+ 1 —p)Tap

with
Tix =pB1x Tox = PBox + 1

Jorg Neunhauserer Multifractal analysis of self similar measures



Some Notations

Self-similar measures

@ For p, 51, 82 € (0,1) we consider non-uniform self-similar
measures u = M% 5, ONR uniquely defined by

p=pThp+ 1 —p)Tap
with
Tix =pB1x Tox = PBox + 1

@ The measures are of pure type either singular or absolutely
continues and equivalent to the Lebesgue measure.
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Some Notations

Self-similar measures

@ For p, 51, 82 € (0,1) we consider non-uniform self-similar
measures u = M% 5, ONR uniquely defined by

p=pThp+ 1 —p)Tap

with
Tix =pB1x Tox = PBox + 1

@ The measures are of pure type either singular or absolutely
continues and equivalent to the Lebesgue measure.

@ In the non-overlapping case 51 + 5> < 1 the measure
Mf; 5, is singular (or it is the Lebesgue measure if p = 34
and 1 — p = (o).
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Results

For all 34, Bo € (0,1) with 51 + > <1 andp € (0,1) the
L9 spectrum of the self-similar measure M§1 b is given by

q _ n\a
f(q)+(1 7(5)) =1
B, B
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Results

For all 34, Bo € (0,1) with 81 + B> < 1 andpe (0,1) the
L9 spectrum of the self-similar measure M§1 b is given by

q _ n\a
=
e Bo

The dimension spectrum is the Legendre transform of :
f(e) = inf{ag — 7(q)[q € R}
for a € [log(p)/ |09(B1)<;|09(1 — p)/log(B2)]-
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Results

For all 34, Bo € (0,1) with 51 + > <1 andp € (0,1) the
L9 spectrum of the self-similar measure M§1 b is given by

q _ n\a
=
e Bo

The dimension spectrum is the Legendre transform of :
f(e) = inf{ag — 7(q)[q € R}

for o € [log(p)/log(p1) , log(1 — p)/log(f2)]-

g
It is analytic, convex, unimodal and complete ( if « is not in the
interval we have X, = 0).
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@ Strong separation condition: There is a compact set K with
Ti(K) S Kand T(K) N Ti(K) =0 (& B1 + B2 < 1)
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@ A similar result holds for contracting similitude in R” under
some separation condition.

@ Strong separation condition: There is a compact set K with
Ti(K) S Kand T(K) N Ti(K) =0 (& B1 + B2 < 1)

@ Open set condition: There is a open set O with T;(O) C O
and T;(O) N Tj(O0) = 0 (& B1 + P2 < 1)
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Some comments

@ A similar result holds for contracting similitude in R” under
some separation condition.

@ Strong separation condition: There is a compact set K with
Ti(K) S Kand T(K) N Ti(K) =0 (& B1 + B2 < 1)

@ Open set condition: There is a open set O with T;(O) C O
and T;(O) N Tj(O0) = 0 (& B1 + P2 < 1)

@ What’s about the overlapping case (51 + 52 > 1)?
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@ Open set condition: There is a open set O with T;(O) C O
and T;(O) N Tj(O0) = 0 (& B1 + P2 < 1)

@ What’s about the overlapping case (51 + 52 > 1)?

@ Using ideas of we get a
partial result on the multifractal structure.
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@ The entropy H(q) = —qlogq — (1 — g)log(1 — q)

Joérg Neunhauserer Multifractal analysis of self similar measures



Notions

@ The entropy H(q) = —qlogq — (1 — q)log(1 — q)
@ The Lyapunov exponent A(q) = —qlog 51 — (1 — q) log 532
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Notions
@ The entropy H(q) = —qlogq — (1 — g)log(1 — q)
@ The Lyapunov exponent A(q) = —qlog 51 — (1 — q) log 532
@ Let H(p.q) = —qlogp — (1 — q)log(1 — p)
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Results

Notions
@ The entropy H(q) = —qlogq — (1 — g)log(1 — q)
@ The Lyapunov exponent A(q) = —qlog 81 — (1 — q) log 32
@ Let H(p.q) = —qlogp — (1 — q)log(1 — p)

Theorem

For all p € (0,1) and almost all 51, 5> € (0,0.668) with
81+ B> > 1 and 31 < p the dimension spectrum of u’; B fulfils

f(a) = H(q)/A(q) >0, f(1)=1

for o € [log(p)/log(1), 1].
Here q € (0,1) is given by H(p, q)/\(q) = «.
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Results

Conjectured spectrum for 1 =1/2, 8. =2/3,p=2/3

Dimension of measure = 1

0.8

0.6

047

Lower bound on spectrum

027

0.6 0.7 038 09 1.0
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Results

Some comments

@ The upper bound 0.668 on j4, 3> is due to the
transversality techniques used. We conjecture that the
theorem holds without this restriction.
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@ We conjecture that the dimension spectrum is (generically)
given by the lower bound we found in the result.
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Results

Some comments

@ The upper bound 0.668 on j4, 3> is due to the
transversality techniques used. We conjecture that the
theorem holds without this restriction.

@ We conjecture that the dimension spectrum is (generically)
given by the lower bound we found in the result.

@ There are exceptional values 31, 8o with 8y + 8> > 1 such
that the dimension of the measures and the spectrum is
less than one. To classify these exsections seems to be
quite hard.
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Results

Some comments

@ The upper bound 0.668 on j4, 3> is due to the
transversality techniques used. We conjecture that the
theorem holds without this restriction.

@ We conjecture that the dimension spectrum is (generically)
given by the lower bound we found in the result.

@ There are exceptional values 31, 8o with 8y + 8> > 1 such
that the dimension of the measures and the spectrum is
less than one. To classify these exsections seems to be
quite hard.

@ The theorem can be generalized to self-similar measures
given by n contractions with different contraction rates.
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Elements of the proof

For all p,q € (0,1) and almost all 5y, 31 € (0,0.668) with
H(p, q) < A(q) we have

d(pf, 5,-X) = H(P,q)/NQ) 1, 5 —ae
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Elements of the proof

For all p,q € (0,1) and almost all 5y, 31 € (0,0.668) with
H(p, q) < A(q) we have

d(pf, 5,-X) = H(P,q)/NQ) 1, 5 —ae

By this theorem

19 5 (XA, 5 X) = H(p.q)/A(Q)}) = 1
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Elements of the proof

For all p,q € (0,1) and almost all 5y, 31 € (0,0.668) with
H(p, q) < A(q) we have

d(pf, 5,-X) = H(P,q)/NQ) 1, 5 —ae

By this theorem

19 5 (XA, 5 X) = H(p.q)/A(Q)}) = 1

= f(H(p.q)/Nq)) > dimy ], , =" H(q)/Mq)
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Elements of the proof

Elements of the proof

For all p,q € (0,1) and almost all 5y, 31 € (0,0.668) with
H(p, q) < A(q) we have

d(pf, 5,-X) = H(P,q)/NQ) 1, 5 —ae

By this theorem

19 5 (XA, 5 X) = H(p.q)/A(Q)}) = 1

= f(H(p.q)/Nq)) > dimy ], , =" H(q)/Mq)

With H(p, q)/\(q) = o we get the lower bound on the
dimension spectrum.

Joérg Neunhauserer Multifractal analysis of self similar measures



Elements of the proof

ultifractal analysis of self similar measures



Elements of the proof

The upper bound on the local dimension is a proved by a
standard argument:
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Elements of the proof

The upper bound on the local dimension is a proved by a
standard argument:

Consider the Bernoulli measures bP and b9 on {0, 1} with
metric

O, 1,
50,5, ((86), (1)) = pon((56) g1a((8)
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Elements of the proof

The upper bound on the local dimension is a proved by a
standard argument:

Consider the Bernoulli measures bP and b9 on {0, 1} with
metric

6[3 S — n 1n
0751(( k)a (tk)) = BO ((Sk))ﬁ1 ((t%))
By the law of Iarge numbers

d(bP, (sk)) = H(p,q)/N(q) b7 —a.e.
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metric
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0751(( k)a (tk)) = BO ((Sk))ﬁ1 ((t%))
By the law of Iarge numbers

d(bP, (sk)) = H(p,q)/N(q) b7 —a.e.

The self-similar measures is given by Mg1 5, = 31,5, (BP).
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Elements of the proof

The upper bound on the local dimension is a proved by a
standard argument:

Consider the Bernoulli measures bP and b9 on {0, 1} with
metric

6[3 S — n 1n
0751(( k)a (tk)) = BO ((Sk))ﬁ1 ((t%))
By the law of Iarge numbers

d(bP, (sk)) = H(p,q)/N(q) b7 —a.e.

The self-similar measures is given by Mg1 5, = 31,5, (BP).

The projection uf; , is Libschitz with respect to ds, 5, and
Libschitz maps to not increase entropy.
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Elements of the proof

The lower bond on the local dimension it proved using the
potential theoretic method:
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Elements of the proof

The lower bond on the local dimension it proved using the
potential theoretic method:

J ([ 1x=yaun) avt <o

implies d(u, x) > d forv-a.e.

Proposition
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Elements of the proof

The lower bond on the local dimension it proved using the
potential theoretic method:

J ([ 1x=yaun) avt <o

implies d(u, x) > d forv-a.e.

Proposition

Using the transversality properties of the projection 73 ¢3:

0.668 d €
4 /(/M—Hmﬁwwod%wUW5<w
0
if

1/
pg, (1-pF(-9q)
<B€€+ (cho) ) <

The result follows considering ¢ — 0 and Fubini.
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