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Some Notations
Results

Elements of the proof

The d-dimension Hausdorff measure of B ⊆ Rn is

Hd (B) = lim
ε7−→0

inf{
∞∑

i=1

diam(Ci)
d |B ⊆

∞⋃
i=1

Ci , diam(Ci) < ε}.

The Hausdorff dimension of B is given by

dim B = inf{d ≥ 0|Hd (B) = 0} = sup{d ≥ 0|Hd (B) =∞}

The Hausdorff dimension of a finite Borel measure µ is

dimµ = inf{dim B|µ(B) = 1}

The local dimension of µ in x ∈ Rn in

d(µ, x) = lim
ε7−→∞

logµ(Bε(x))

log ε
provided that the limit exits.
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Multifractal spectra

We consider level sets and the decomposition for the local
dimension of µ supprot by X

Xα = {x |d(µ, x) = α}, X =
⋃
α∈R

Xα ∪ X∞

f (α) = dim Xα is the dimension spectrum of µ.
The Lq spectrum of µ is given by

τ(q) = lim inf
ε 7−→0

log sup
∑
µ(Bε(xi))

log ε

where the supremum is taken over closed and disjoint balls
(⇔ ε-grids for some classes of measures).
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Self-similar measures

For p, β1, β2 ∈ (0,1) we consider non-uniform self-similar
measures µ = µp

β1,β2
on R uniquely defined by

µ = pT1µ+ (1− p)T2µ

with
T1x = β1x T2x = β2x + 1

The measures are of pure type either singular or absolutely
continues and equivalent to the Lebesgue measure.
In the non-overlapping case β1 + β2 ≤ 1 the measure
µp
β1,β2

is singular (or it is the Lebesgue measure if p = β1
and 1− p = β2).
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Theorem
For all β1, β2 ∈ (0,1) with β1 + β2 ≤ 1 and p ∈ (0,1) the
Lq spectrum of the self-similar measure µp

β1,β2
is given by

pq

β
τ(q)
1

+
(1− p)q

β
τ(q)
2

= 1

The dimension spectrum is the Legendre transform of τ :

f (α) = inf{αq − τ(q)|q ∈ R}

for α ∈ [log(p)/ log(β1) ,
↔

log(1− p)/ log(β2)].

It is analytic, convex, unimodal and complete ( if α is not in the
interval we have Xα = ∅).

Jörg Neunhäuserer Multifractal analysis of self similar measures



Some Notations
Results

Elements of the proof

Theorem
For all β1, β2 ∈ (0,1) with β1 + β2 ≤ 1 and p ∈ (0,1) the
Lq spectrum of the self-similar measure µp

β1,β2
is given by

pq

β
τ(q)
1

+
(1− p)q

β
τ(q)
2

= 1

The dimension spectrum is the Legendre transform of τ :

f (α) = inf{αq − τ(q)|q ∈ R}

for α ∈ [log(p)/ log(β1) ,
↔

log(1− p)/ log(β2)].

It is analytic, convex, unimodal and complete ( if α is not in the
interval we have Xα = ∅).

Jörg Neunhäuserer Multifractal analysis of self similar measures



Some Notations
Results

Elements of the proof

Theorem
For all β1, β2 ∈ (0,1) with β1 + β2 ≤ 1 and p ∈ (0,1) the
Lq spectrum of the self-similar measure µp

β1,β2
is given by

pq

β
τ(q)
1

+
(1− p)q

β
τ(q)
2

= 1

The dimension spectrum is the Legendre transform of τ :

f (α) = inf{αq − τ(q)|q ∈ R}

for α ∈ [log(p)/ log(β1) ,
↔

log(1− p)/ log(β2)].

It is analytic, convex, unimodal and complete ( if α is not in the
interval we have Xα = ∅).

Jörg Neunhäuserer Multifractal analysis of self similar measures



Some Notations
Results

Elements of the proof

Theorem
For all β1, β2 ∈ (0,1) with β1 + β2 ≤ 1 and p ∈ (0,1) the
Lq spectrum of the self-similar measure µp

β1,β2
is given by

pq

β
τ(q)
1

+
(1− p)q

β
τ(q)
2

= 1

The dimension spectrum is the Legendre transform of τ :

f (α) = inf{αq − τ(q)|q ∈ R}

for α ∈ [log(p)/ log(β1) ,
↔

log(1− p)/ log(β2)].

It is analytic, convex, unimodal and complete ( if α is not in the
interval we have Xα = ∅).

Jörg Neunhäuserer Multifractal analysis of self similar measures



Some Notations
Results

Elements of the proof

Spectrum for β1 = 1/5, β2 = 4/5,p = 1/3
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Some Notations
Results

Elements of the proof

Some comments

A similar result holds for contracting similitude in Rn under
some separation condition.
Strong separation condition: There is a compact set K with
Ti(K ) ⊆ K and Ti(K ) ∩ Tj(K ) = ∅ (⇔ β1 + β2 < 1)
Cawley/Mauldin (1992)
Open set condition: There is a open set O with Ti(O) ⊆ O
and Ti(O) ∩ Tj(O) = ∅ (⇔ β1 + β2 ≤ 1)
Arbeiter/Patzschke (1996)
What’s about the overlapping case (β1 + β2 > 1)?
Using ideas of Jordan/Shmerkin/Solomyak (2011) we get a
partial result on the multifractal structure.
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Some Notations
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Notions
The entropy H(q) = −q log q − (1− q) log(1− q)

The Lyapunov exponent Λ(q) = −q logβ1 − (1− q) logβ2

Let H(p,q) = −q log p − (1− q) log(1− p)

Theorem
For all p ∈ (0,1) and almost all β1, β2 ∈ (0,0.668) with
β1 + β2 > 1 and β1 < p the dimension spectrum of µp

β1,β2
fulfils

f (α) ≥ H(q)/Λ(q) > 0, f (1) = 1

for α ∈ [log(p)/ log(β1),1].
Here q ∈ (0,1) is given by H(p,q)/Λ(q) = α.
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Conjectured spectrum for β1 = 1/2, β2 = 2/3,p = 2/3
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Some Notations
Results

Elements of the proof

Some comments

The upper bound 0.668 on β1, β2 is due to the
transversality techniques used. We conjecture that the
theorem holds without this restriction.
We conjecture that the dimension spectrum is (generically)
given by the lower bound we found in the result.
There are exceptional values β1, β2 with β1 + β2 > 1 such
that the dimension of the measures and the spectrum is
less than one. To classify these exsections seems to be
quite hard.
The theorem can be generalized to self-similar measures
given by n contractions with different contraction rates.
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Theorem
For all p,q ∈ (0,1) and almost all β0, β1 ∈ (0,0.668) with
H(p,q) < Λ(q) we have

d(µp
β0,β1

, x) = H(p,q)/Λ(q) µq
β0,β1

− a.e

By this theorem

µq
β0,β1

({x |d(µp
β0,β1

, x) = H(p,q)/Λ(q)}) = 1

⇒ f (H(p,q)/Λ(q)) ≥ dimH µ
q
β0,β1

q=p
= H(q)/Λ(q)

With H(p,q)/Λ(q) = α we get the lower bound on the
dimension spectrum.
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The upper bound on the local dimension is a proved by a
standard argument:
Consider the Bernoulli measures bp and bq on {0,1}N with
metric

δβ0,β1((sk ), (tk )) = β
0n((sk ))
0 β

1n((tk ))
1

By the law of large numbers

d(bp, (sk )) = H(p,q)/Λ(q) bq − a.e.

The self-similar measures is given by µp
β1,β2

= πβ1,β2(bp).
The projection µp

β1,β2
is Libschitz with respect to δβ0,β1 and

Libschitz maps to not increase entropy.
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The lower bond on the local dimension it proved using the
potential theoretic method:

Proposition ∫ (∫
|x − y |−ddµ(y)

)ε
dν(x) <∞

implies d(µ, x) ≥ d for ν-a.e.

Using the transversality properties of the projection πβ,cβ:∫ 0.668

β0

∫ (∫
|x − y |−ddµp

β,cβ(y)

)ε
dµq

β,cβ(x)dβ <∞

if (
pεq
βdε

0
+

(1− p)ε(1− q)

(cβ0)dε

)1/ε

< 1

The result follows considering ε 7−→ 0 and Fubini.
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Thanks for Your Attention
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