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α-Expansions

Fix α > 1. It is easy to see that for each x ∈ (0, 1] there is a
unique sequence (di ) ∈ NN

x = ⟨di ⟩α = ⟨d1, d2, . . . ⟩α :=
∞∑
i=1

(α− 1)i−1α−(d1+···+di ).

We call the sequence (di ) ∈ NN with x = ⟨di ⟩α the
α-expansion of x .

For the linear contractions Td : [0, 1] → [0, 1] with d ∈ N
given by

Td(x) =
α− 1

αd
x +

1

αd
,

we have
⟨di ⟩α = lim

n→∞
Tdn ◦ · · · ◦ Td1(1).
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Ergodic theoretical aspects

Let T : (0, 1] → (0, 1] be given by

T (x) = T−1
i (x) for x ∈ Ti ((0, 1]) =

(
1

αi
,

1

αi−1

]
.

T induced a shift of the digits of an α-expansion;
T (⟨di ⟩α) = ⟨di+1⟩α.

Theorem

The Lebesgue measure L is ergodic with respect to T .

T -Invariance of L is just a simple calculation and ergodicity
may be proved using Lebesgue density theorem, but also
follows from well known results on piecewise smooth
expanding interval map.
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Jörg Neunhäuserer A new family of expansions of real numbers



α-Expansions
Ergodic theoretical aspects

Dimension theoretical aspects
The base-change-transformation

Ergodic theoretical aspects

Let T : (0, 1] → (0, 1] be given by

T (x) = T−1
i (x) for x ∈ Ti ((0, 1]) =

(
1

αi
,

1

αi−1

]
.

T induced a shift of the digits of an α-expansion;
T (⟨di ⟩α) = ⟨di+1⟩α.

Theorem

The Lebesgue measure L is ergodic with respect to T .

T -Invariance of L is just a simple calculation and ergodicity
may be proved using Lebesgue density theorem, but also
follows from well known results on piecewise smooth
expanding interval map.
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We define the frequency of a digit d ∈ N in the α-expansion
of x = ⟨di ⟩α ∈ (0, 1],

fd ,α(x) := lim
n→∞

♯{j ∈ {1, . . . , n}|dj = d}
n

.

Theorem

For almost all x = ⟨di ⟩α ∈ (0, 1] we have fd ,α(x) = (α− 1)/αd and

lim
n→∞

1

n
(d1 + d2 · · ·+ dn) =

α

α− 1
,

lim
n→∞

n
√

d1d2 . . . dn =
∞∏
d=1

αd√
dα−1.

This is proved using Birkhoff’s ergodic theorem.

Jörg Neunhäuserer A new family of expansions of real numbers



α-Expansions
Ergodic theoretical aspects

Dimension theoretical aspects
The base-change-transformation

We define the frequency of a digit d ∈ N in the α-expansion
of x = ⟨di ⟩α ∈ (0, 1],

fd ,α(x) := lim
n→∞

♯{j ∈ {1, . . . , n}|dj = d}
n

.

Theorem

For almost all x = ⟨di ⟩α ∈ (0, 1] we have fd ,α(x) = (α− 1)/αd and

lim
n→∞

1

n
(d1 + d2 · · ·+ dn) =

α

α− 1
,

lim
n→∞

n
√

d1d2 . . . dn =
∞∏
d=1

αd√
dα−1.

This is proved using Birkhoff’s ergodic theorem.
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We call G : (1,∞) → R

G (x) =
∞∏
d=1

xd
√
dx−1

the Somos’s function, since

G (2) =
∞∏
d=1

2d
√
d = 1.6616879496 . . .

is known as Somos’ constant.
G is related to the generalized Euler-constant-function

γ(x) =
∞∑
i=1

x i−1

(
1

i
− log(

i + 1

i
)

)
.

via
G (x) =

x

x − 1
e−γ(1/x)/x .
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Jörg Neunhäuserer A new family of expansions of real numbers



α-Expansions
Ergodic theoretical aspects

Dimension theoretical aspects
The base-change-transformation

Somos’s function
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Dimension theoretical aspects

For D ⊂ N we consider the set of numbers which have only
digits in D in their α-expansion,

Iα(D) = {⟨di ⟩α|di ∈ D}.

From well known results in the theory of infinite iterated
functions systems:

Theorem

dimH Iα(D) = h where h ≥ 0 is given by∑
i∈D

(
α− 1

αi
)h = 1.

From this dimH{⟨di ⟩α|(di ) is bounded} = 1 although the
Lebesgue measure of this set is zero.
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Consider the set of real numbers with prescribed frequencies
of digits in their α-expansion

Fα(p) = {x ∈ (0, 1]|fd ,α(x) = pd , d = 1, . . . , n},

for a probability vector p = (p1, . . . , pn) ∈ [0, 1)n.

Theorem

dimH Fα(p) =
H(p)

log(α)E (p)− log(α− 1)
.

Proof idea: Project p on NN to (0, 1] using the α-expansion.
By the law of large numbers µ(Fα(p)) = 1.
Now use the local mass distribution principle.
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The base-change-transformation

For α, β > 1 we define the base-change-transformation
f : [0, 1] → [0, 1] by f (0) = 0 and

f (x) = f (⟨di ⟩α) = ⟨di ⟩β.

It is not difficult to see that f is strictly increasing and
continuous.

Obviously we have f (x/α) = f (x)/β.

The graph of f is the attractor of the infinite affine iterated
function system given by

Gi (x , y) = (
α− 1

αi
x +

1

αi
,
β − 1

βi
y +

1

βi
), i ∈ N,

which has Hausdorff dimension one.
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Obviously we have f (x/α) = f (x)/β.

The graph of f is the attractor of the infinite affine iterated
function system given by

Gi (x , y) = (
α− 1

αi
x +

1

αi
,
β − 1

βi
y +

1

βi
), i ∈ N,

which has Hausdorff dimension one.
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An approximation of the base-change-transformation for
(α, β) = (3, 2), (3, 10)
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Theorem

If α ̸= β we have Dx f = ∞ and Dx f = 0 for almost all x ∈ (0, 1).

This follows from the result on the generic frequency of digits
(and some estimates).

Question: Are there x ∈ (0, 1) such that f is differentiable?

Question: Are there x ∈ (0, 1) such 0 < Dx f < Dx f < ∞?
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Thanks for Your attention
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