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Pisot numbers

A Pisot number α > 1 is an algebraic integer with all it
conjugates inside the unite circle.

min{|αn − z| | z ∈ Z} ≤ dθn

with θ = max{|αi ||αi conj. α} < 1 and d = degree(α)− 1
[Erdös]

|
n∑

k=0

skα
−k −

n∑
k=0

s̄kα
−k | ≥ Cα−n

for a constant C > 0 and all sk , s̄k = ±1 such that the
points are different. [Garsia]
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Examples of Pisot numbers

The golden mean g =
√

5+1
2 is the only Pisot number of

degree two in (1,2).
A sequence αn 7−→ 2 of Pisot numbers is given by the roots

xn − xn−1 − · · · − x − 1 = 0

The smallest Pisot number α ≈ 1.3247 . . . is a root of

x3 − x − 1 = 0 [Siegel]

The set of Pisot numbers S is closed in R. [Salem]
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Self-similar measures

Let (T1, ...,Tn) be linear contractions on an interval

Tix = βix + di

and let (p1, . . . ,pn) be a probability vector.
There is a unique Borel probability measure µ with

µ =
n∑

i=1

piTi(µ) [Hutchinson]

µ is either singular µ⊥` or equivalent to Lebesgue measure
µ ∼ `. [Peres/Soloymak]
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Bernoulli convolutions

Consider random power series given by

Xβ =
∞∑

i=0

Xiβ
i

where Xi are i.i.d. with P(1) = p and P(−1) = 1− p
The distribution of Xβ is given by the convolution

µβ = ∗∞n=0(pδβn + (1− p)δ−βn )

µβ is the self similar measure with respect to the maps

T1x = βx + 1 T2x = βx − 1
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Continuity vs. singularity

If p ∈ (1/3,2/3) µβ ∼ ` for almost all

β ∈ (pp(1− p)(1−p),1)

and µβ⊥` if β is not in this interval. [Peres / Solomyak]
β ∈ (0.5,1) is the reciprocal of a Pisot number if and only if

µ̂β(ξ) =
∞∏

n=0

(peiβnξ + (1− p)e−iβnξ)

does not tend to zero for ξ 7−→ ∞. [Erdös/Salem]
In this case µβ is singular with dimH µβ < 1 [Lalley / Ne.]
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Generalizations

If Xi are not identical distributed µβ is the inhomgeneous
convolution

µβ = ∗∞n=0(pnδβn + (1− pn)δ−βn )

All results on absolute continuity and singularity remain
true [Bisbas / Ne.]
If Xi be a Markov process (Xi not inpendent!) we have a
version of the Peres-Solomyak theorem [Bisbas / Ne.]
Conjecture: The Erdös-Salem theorem remains true.
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Non-uniform self-similar measure

Consider the self-similar measure µ given

µ = 1/2(T1µ+ T2µ)

with
T1x = β1x T2x = β2x + 1

For almost all (β1, β2) with β1β2 ≥ 1/4 the measure µ ∼ `
and µ is singular if β1β2 < 1/4. [Ne.]
There are solutions β1, β2 with β1β2 ≥ 1/4 of equations

x(
n∑

i=1

y i − 1) + y(
n∑

i=1

x i − 1) = 0

for n ≥ 4 such that µ is singular with dimH µ < 1. [Ne.]
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Some ergodic theory

Let X be a metric space and T : X 7−→ X measurable with
a compact invariant set Λ.
A Borel probability measure µ on Λ is ergodic if T (µ) = µ
and T (B) = B ⇒ µ(B) ∈ {0,1}
Ergodic measures characterize the long term behavior of a
system almost everywhere [Birkhoff]
An ergodic measure µ has full dimension on Λ if

dimH µ = dimH Λ

If T is conformal with an repeller Λ than there exists an
ergodic measure of full dimension, i.e. Julia sets.
[Bowen, Ruelle, Falconer]
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Fat baker’s transformation

The Fat baker’s transformation f : [−1,1]2 7−→ [−1,1]2 for
β ∈ (0.5,1) is given by

f (x , y) = { (βx + (1− β),2y − 1) if y ≥ 0
(βx − (1− β),2y + 1) if y < 0

Jörg Neunhäuserer From number theory to dynamical systems
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Ergodic measures of full dimension

Let µβ be the Bernoulli convolution with p = 1/2. Than
µβ × ` is ergodic with respect to the Fat baker’s
transformation
For almost all β ∈ (0.5,1) there is a measure of full
dimension

dimH(µβ × `) = 2

If β ∈ (0.5,1) is the reciprocal of a Pisot number there is no
measure of full dimension for f, even

sup{dimH µ | µ is f ergodic} < 2 [Ne.]
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Linear solenoids

A linear solenoid g : [−1,1]3 7−→ [−1,1]3 is given by

g(x , y , z) = { (β1x + (1− β1), τ1y + (1− τ1),2z − 1) if y ≥ 0
(β2x − (1− β2), τ2y + (1− τ2),2z + 1) if y < 0

with β1 + β2 > 1 and τ1 + τ2 < 1
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Dimension theory of linear solenoids

Generically the attractor S of g has dimH S = D where D is
the solution of

β1τ
D−1
1 + β2τ

D−1
2 = 1

If logτ1
β2 = logτ2

β1 than there is an ergodic measure of of
full dimension
If logτ1

β2 6= logτ2
β1 we have

sup{dimH µ | µ is g ergodic} < D

Conjecture: If non-uniform self-similar measures µβ1,β2 get
singular dimH S < D.
This is true if β = β1 = β2 is the reciprocal of a Pisot
number.

[Ne.]
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