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Abstract

Non-homogeneous self-similar measures are generically absolute continuous in
the domain of parameters for which the similarity dimension is larger than one,
see [11]. Using certain algebraic curves we construct here exceptional singular non-
homogeneous self-similar measures in this domain.
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1 Introduction and main result

For 1, B2 € (0,1) we consider the similarities on R given by

Ti(xz) = frx + B1 and Th(x) = fox — fa.

It is well known that for probability p € (0,1) there is an unique self-similar Borel prob-

ability measure pj; 5 on R with

Nglﬁz - pTl(Mzﬁ)lﬂz) + (1 _p>T2(Mg1yﬁ2)’

see [5]. If 1 = B2 = B8 € (0,1) the measure pj = yuj 5 is an infinite convolved Bernoulli
measure. These measure were intensively studied since the pioneering work of Erdos [2, 3]
with milestone results of Solomyak [13], Hochman [4], Shmerkin [12] and Varju [14]. In
the case f; # (5 the measures ugh 5, are now usually called non-homogeneous self-similar.!
The similarity dimension of the function system {77,753}, with respect to the probability
vector (p, (1 — p)), is defined by

opp . —Plog(p) — (1 —p)log(l —p)
frpe —plog B — (1 — p) log B

The measures ,ugl s, are of pure type, they are either totally singular or absolutely con-

tinuous and even equivalent to the Lebesgue measure in the second case, see proposition

'We were used to call these measure non-uniform self-similar but adopt the terminology from the

decisive book [1].



3.1 in [10]. Since the work of Hutchinson [5] we know that Hausdorff dimension of zf 5

is bounded by the similarity dimension
e 1P DP
di H Mg, g, <5 B1,82°

Hence the measures are singular if SDg1 5, < 1. To give the context of the results
presented in this paper, we cite the main result on absolute continuity of non-homogeneous

self-similar measures:

Theorem 1.1 For all p € (0,1) and almost all 1,8y € (0,1) with SD} 5 > 1 the

measure /ﬁél 5, Us absolutely continuous.

We proved this result for £y, 82 € (0,0.649) in [6] using transversality techniques which
lead to the crude bound 0.649. Ngai and Wang [8] proved a similar result using transver-
sality. Saglietti, Shmerkin and Solomyak [11] succeeded in removing the bound 0.649 by
an improvement of the classical tranversality method. For infinite convolved Bernoulli
measure ,ug we have an even stronger result: The set of exceptions to absolute continuity
in the parameter domain 1 > 3 > p?(1— p)(l_p) has Lebesgue measure and even Hausdorff
dimension zero, see [12]. By [14] Varju such exceptions § € (0.5,1) have to be algebraic
numbers in the case p = 1/2. The only known exceptions to absolute continuity of ug
found by Erdds [2] are algebraic numbers 5 € (0.5, 1), which are reciprocals of Pisot num-
bers.? In this case we have dimg iz < 1. In the non-homogeneous case we proved in [7]
the existence of B; # B with 5182 > 1/4 such that dimy /L%’E 5, < 1. Ngai [9] gave ex-
amples of such £ # [, which are constructed by Pisot numbers and their powers. Here
we develop another approach to singularity of non-homogeneous self-similar measures.
We construct explicit algebraic curves with points 1, 32 € (0, 1) such that SDj ; > 1
but dimg p 5 < 1 for some p € (0,1). These are exceptions in the domain of generic
absolute continuity of non-homogeneous self-similar measures.

For n > 3 consider a finite sequence s € {—1,1}". For 1 < k < n let fx(s) be the number
of entries in (s1, s, ..., s;) that are 1 and f(s) = k — #4(s) the number of entries that are
—1. For two sequences s,t € {—1,1}" with s # t and #,,(s) = t,,(t) we define an algebraic

curve ¢, by the algebraic equation

Z skxﬁk(S)yﬁk(S) _ thﬁk(t)y&k(t) =0
k=1
in R?. Let
C={csuls,t € {—1,1}",s #t,8.(s) = t.(t),n > 3}

be the set of all of such curves. With this notations we formulate our main result.

2A Pisot numbers is an algebraic integer a > 1 with all its algebraic conjugates inside the unit circle.



Theorem 1.2 If (31, 52) € (0,1)2 with $1+ 3> > 1 is a point on a curve in €, then there is
ap € (0,1) such that SD}, 5 > 1, but the measure iy 5 is singular with dimpg prjy 5 < 1.

We prove this theorem in the next section. We will see that there are curves in € that

have points in the open rectangle

R=A{(B1,52) € (0,1)%|B1 + B> > 1}.

For n = 3 and n = 4 some calculation show that there do not exist such curves. Forn =5
we consider s = (1,—1,—1,—1,1) and ¢t = (—1,1,1,—1,—1), which lead to the algebraic
equation

222 + 2% — 2ty —ay® —ay? — 22y + x4+ y=0.

The corresponding algebraic curve c; has appropriate points, see figure 1. For n = 5
this is the only curve with the required properties found. In the last section of the paper
we will give sufficient conditions on the sequences s,t € {—1,1}" such that ¢, N R # 0.
These conditions especially apply to the example described here. Examples of curves

which have the required properties with n = 6 will be given there.

2 Proof of theorem 1.2

We first estimate the Hausdorff dimensions of the measures ,ugh 5, under the assumptions

of theorem 1.2.

Proposition 2.1 If (81, 32) € (0,1)? is a point on a curve in € then there exists @21,52
(defined in the proof) with

. —=p
dimpy Mgh& < SDBL/BQ < SDghﬂz

for allp € (0,1) and @21’52 1S continuous in p.
Proof. For r € {—1,1}" we set

Ti(x) = Ts 0 Try 0 -+ 0 T, ()
where 7, = 1 if r, = —1 and 7, = 2 if 7, = 1. By induction we obviously get

TT(JJ) ﬁn(T x + ZT Blk ﬁk(T '
Note that if (8;,52) € (0,1)? is a point on a curve ¢,; € € for s,t € {—1,1}", then
T, = T;. Since
Z P (1 — )i =1

re{—1,1}»
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Figure 1: The curve ¢y, for s=(1,-1,-1,-1,1) and ¢t = (—1,1,1, -1, —1)

it follows from [5] that there is a unique Borel probability measure p on R fulfilling

Z pﬁn(r)<1 _ p)ﬁ”(T)Tr(M)

re{-1,1}"

— Z PP (1 = p) T (1) + (p (1 — p)= ) 4 pP O (1 — )T, (1)
re{—1,1}"\{s,t}

and we obviously have u = Mgl,ﬁg' The similarity dimension of the function system
{T,|r € {—1,1}"\{s,t}} U{T:} with respect to the probability vector that is summing up
the probability of s and t,

Dot = (pﬁn(s)(l — p)ﬁn(s) + pﬁn(t)(l — p)ﬁn(t))

is given by

ZTG{ 1,1}m\{s,t} pn ) (1- ) IOg(Pﬁ"(T)(l - )ﬁ"(r)) — Dot 10g(psyt)
fin(

@15)1152 = ﬁ ( ) ) n 7‘) n n(S) ~n(5)
_Zre{—l,l}”\{s,t}p" (1= p)t=() log(By 52 ) Pslog (B B")

=Y recrapm oy PO (L= p)F ) log (pin (1 — p)i()) — p,, log(pss)
—plog 81 — (1 —p)log 3,
—plog(p) — (1 —p)log(1 —p)
< =5 B1,82°
—plog 1 — (1 — p) log 3 :
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The inequality here is due to

a variant of Jensen’s inequality. The proposition now follows from [5]. U

To complete the proof of theorem 1.2 it remains to show:

Proposition 2.2 If (81, 52) € (0,1)% with By + B2 > 1 is a point on a curve in € then
there is a p € (0,1) such that @21752 <1 and SD} 5 > 1. Here @Zlﬁz < 1 is given by

the last proposition.

Proof. Since 8; + 3 > 1 there is an d > 1 such that 3¢ + 8¢ = 1. Let py, = 8¢ € (0,1).
A simple calculation shows

SD@?{BQ =d>1.

Since

d P — 1; P —
Il,li% SD/BL/BZ - }}E}} SD/Bh/BQ =0

there is a p; € (0,1) such that SD/ZL% = 1. Since @21752 < SDj, 4, for all p € (0,1) by

prochiiipon 2.1 and SDgl,ﬂ2 and SDj 5, are continuous in p there is an p near p; such
that SD <land SD%} , >1. O
B1,B2 B1,82

3 Algebraic curves giving the exceptions

To apply theorem 1.1 we need sequences s,t € {—1,1}" such that the algebraic curves

cst € €, defined in the first section, have points in the open rectangle
R={(z,y) € (0,1)?|z +y > 1}.

We find a sufficient condition on the sequences that guarantees the existence of such

points.

Proposition 3.1 Forn > 3 let s,t € {—1,1}" with s # t and t,(s) = §,.(t). Assume
that s begins with (1,—1) and t begins with (—1,1). If

> seltn(s) > Y tata(d),
k=1 k=1

we have csy N R # 0.

Proof. Let

o0

flay) = spath () g e B (t)
k=1



and

f(x) = f(x,1) = Z spte(®) — e (®)

By the first assumption we have f(0) = 1 and since £,(s) = #,(¢) we have f(1) = 0. By

the second assumption we obtain

P =2 situ(s) = D tati(t) >0,

which implies f(z) < 0 for some x € (0,1). It follows that there is an xq € (0,1) and
d > 0 such that f(zg,1) = f(xo) = 0 and f(z) > 0 for x € (zg — d,x9) and f(x) < 0
for © € (xg,x9 + 0). Hence by continuity for all suffizient small € > 0 there exists a
x_ € (xg— 9, z0) with f(x_,1—¢€) < 0and x4 € (zg, 29+ 0) with f(xy,1 —¢€) < 0. Again
by continuity there is an z, € (x_,z;) with f(z.,1 —€) = 0. Moreover if € is suffizient
small (z.,1—¢€) € R. O

This proposition applies to the sequences s,t with n = 5 given in the first section of

the paper. For n = 6 we have the following examples:

s=(1,-1,-1,1,1,1) t=(-1,1,1,1,1,-1),

s=(1,-1,1,-1,1,1) t=(-1,1,1,1,1,-1),

s=(1,-1,-1,-1,1,1) ¢

(_L 17 _17 17 17 _1)7

s=(1,-1-,1,—-1,1,1) t=(=1,1,1,—1,1,—1),

given the algebraic equations
22t — 2ty 4+ 23y — 2y + 2%y — 2%y —ay? — 2oy +x +y =0,

20ty? — aty + 23y — 2Py — 2%y — 2wy +x+y =0,
223 — 23y + 2%y — 2?y? — 2y — 22y + x4+ y =0,
223y — 2%y + 2% + 2%y — 2Py — P — P — 22y + o +y = 0.

We do not know if the condition given in the last proposition is (up to symmetries)
necessary to guarantee the existentes of appropriate curves. We leave this question to the

reader.
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