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Abstract

We prove results on absolute continuity and singularity of the distribution of

geometric series with randomly increasing exponents.
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1 Introduction

There are two techniques in geometric measure theory which were successfully applied in

the last decades. On the one hand we have results on the Hausdorff dimension of geometric

measures, which especially imply their singularity. On the other hand transversality

properties of a symbolic coding allow to prove generic results on absolute continuity

and density of geometric measures. We especially have a couple of results on absolute

continuity of the distribution of power series with random coefficients [14, 15, 13, 19, 17, 1]

and other non-uniform self similar measures [11, 12, 9], as well as results on geometric

Markov measures [6].

We change the focus here to geometric series with randomly increasing exponents. These

random variables and their distribution are natural and worth to study. Nevertheless we

find no results in the literature.

In this paper we determine the border of singularity and generic absolute continuity

of the distribution of a geometric series with exponents chosen according to a random

variable X by e−H(X)/E(X), see Theorem 2.1 below. We calculate this quantity for some

well known distributions X. The singularity assertion follows from an estimate on the

Hausdorff dimension of the distribution, see Theorem 3.1. The proof of this result uses

local dimension, Shannon’s entropy theorem and the law of large numbers. In Theorem 4.1

we determine intervals, where the distribution of geometric series with random exponents

have generically a density in Lq. The assertion of absolute continuity of the measures is

just a corollary to this theorem. The proof is based on the transversality of the coding

map and the local density of the distribution. The transversality techniques give an upper

bound on the interval absolute continuity, which we conjecture not to be sharp.



2 Definition of measures and main results

Let X be a random variable taking values in N and set pi := P (X = i) for i ∈ N. We

assume that X has finite expectation value

E(X) =
∑
i∈N

ipi <∞

and entropy

H(X) = −
∑
i∈N

pi log(pi) <∞.

Here we use the convention pi log(pi) = 0 for pi = 0.

For β ∈ (0, 1) we consider geometric series with randomly increasing exponents,

Xβ =
∞∑
k=1

βX1+X2+···+Xk ,

where the random variables Xk are independent and identically distributed according to

X. Let µβ be the Borel probability measure on R describing the distribution of Xβ, that

is

µβ(B) = P (Xβ ∈ B)

for all Borel sets B ⊆ R. Now we introduce another description of µβ. Consider NN

equipped with the product of the discrete topology on N. This is a perfect, totally

disconnected Polish space, see [3]. The random variable X induces a product measure µ

on NN with

µ([n1, n2 . . . , nk]) = pn1 · pn2 · · · · · pnk

for cylinder sets [n1, n2 . . . , nk] in NN. Obviously the distribution of a geometric series with

randomly increasing exponents µβ is the projection of µ under the map πβ : NN 7−→ R
given by

πβ((nk)) =
∞∑
k=1

βn1+n2+···+nk .

Using the description µβ = πβ(µ) = µ ◦ π−1β , a simple calculation shows that µβ is self-

similar with respect to the iterated function system {Tix = βi(x + 1)|i ∈ N}. That

means

µβ =
∑
i∈N

piTi(µβ),

see [8] for the general theory of iterated function systems.

Recall that µβ is singular with respect to the Lebesgue measure λ if there is a Borel

set B ⊆ R with λ(B) = 0 and µβ(B) = 1. Our µβ is absolutely continuous, if λ(B) = 0

implies µβ(B) = 0 for all Borel sets B ⊆ R. Now we are prepared to state the main

result of this paper.
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Theorem 2.1 For all β ∈ (0, 1) with

β < e−H(X)/E(X),

the distribution µβ of a power series with randomly increasing exponents Xβ is singular

with respect to the Lebesgue measure. On the other hand for λ-almost all

β ∈ (e−H(X)/E(X), 0.668),

the measure µβ is absolutely continuous with respect to the Lebesgue measure.

The upper bound 0.668 in our theorem is due to transversality techniques we use in sec-

tion 4. We conjecture that this bound is not sharp. It would be natural to have one here,

but we have no idea to prove this.

We now determine the boundary b(X) = e−H(X)/E(X) of generic absolute continuity of

Xβ for some classical distributions X. In the following, numerical values are truncated to

three decimals.

First consider the uniform distribution on {1, . . . , n}. We obviously have

(b(Xn)) = ( n+1
√

1/n2)

= (1, 0.630, 0.577, 0.574, 0.585, 0.599, 0.614, 0.629, 0.644, 0.658, 0.670, . . . ).

For the symmetric Binomial distribution Xn on {1, . . . , n}, given by

P (Xn = i) =

(
n− 1

i− 1

)
2−n+1,

we get by some computation

(b(Xn)) = (exp(
2

n+ 1

n∑
i=1

(
n− 1

i− 1

)
2−n+1 log(

(
n− 1

i− 1

)
2−n+1))).

= (1, 0.636, 0.595, 0.605, 0.625, 0.647, 0.667, 0.686, . . . )

For the geometric distribution on N, given by P (Xp = i) = (1− p)i−1p, we have

b(Xp) = pp(1− p)1−p.

This result can also be deduced from Theorem 4.1 of Peres and Solomyak on biased

Bernoulli convolutions [15]. Now consider the Poisson distribution Xµ on N with expec-

tation value µ ∈ R+, given by

P (Xµ = i) =
(µ− 1)i−1

(i− 1)!
e−µ+1.
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We have

b(Xµ) = exp(
1

µ

∞∑
i=1

(µ− 1)i−1

(i− 1)!
e−µ+1 log(

(µ− 1)i−1

(i− 1)!
e−µ+1).

For µ = m ∈ N we obtain by some computation,

b(Xm) = (1, 0.521, 0.566, 0.617, 0.658, 0.692, . . . ).

We see that Theorem 2.1 gives intervals of absolute continuity for classical distributions,

although the upper bound on absolute continuity in the result is not expected to be sharp.

3 Dimension estimates and singularity

We apply the dimension theory of geometric measures in order to obtain the assertion of

singularity in Theorem 2.1. For β ∈ (0, 1) we define a metric on NN by

dβ((nk), (mk)) = βn1+n2+···+ni[(nk),(mk)] ,

where

i[(nk), (mk)] = max{k|nk = mk}.

In the following Bβ
ε denotes the ε-ball and |A|β denotes the diameter in the metric space

(NN, dβ). This metric is adapted to the coding map πβ, defined in the last section, in the

following sense:

Lemma 3.1 πβ is Lipschitz continuous on (NN, dβ).

Proof. We have

dβ(πβ(nk), πβ(mk)) = |
∞∑
k=1

βn1+n2+···+nk − βm1+m2+···+mk |

= βn1+n2+···+ni[(nk),(mk)]|
∞∑

k=i[(nk),(mk)]+1

βn1+n2+···+nk − βm1+m2+···+mk |

≤ dβ((nk), (mk))
∞∑
k=1

βk =
β

1− β
dβ((nk), (mk)).

�

We are able to calculate the local dimension of the product measure µ on NN with respect

to the metric dβ.
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Proposition 3.1 The local dimension of µ is given by

dim(µ, (nk)) := lim
ε7−→∞

log(Bβ
ε ((nk))

log ε
=

H(X)

−E(X) log β
,

for µ-almost all sequences (nk) ∈ NN.

Proof. Let [n1, n2, . . . , nk] be a cylinder set in NN. Applying the general Shannon-

McMillan-Breiman theorem (see [2] and [4]) to the shift invariant measure µ with the

countable partition {[n]|n ∈ N} of NN, we have

lim
k 7−→∞

−1

k
µ([n1, n2, . . . , nk]) = H(X)

for µ-almost all sequences of natural numbers (nk). Applying the law of large numbers

we have

lim
k 7−→∞

−1

k
|[n1, n2, . . . , nk]|β = lim

k 7−→∞
−1

k
βn1+n2+···+nk = −E(X) log β

for µ-almost all sequences (nk). Hence

lim
k 7−→∞

µ([n1, n2, . . . , nk])

|[n1, n2, . . . , nk]|β
=

H(X)

−E(X) log β

for all sequences (nk) ∈ Aβ, where Aβ is a set of full measure; µ(Aβ) = 1. Now fix a

sequence (nk) ∈ Aβ. For all ε > 0 there is a k > 0 with

|[n1, n2, . . . , nk, nk+1]|β = βn1+n2+···+nk+nk+1 < ε ≤ βn1+n2+···+nk = |[n1, n2, . . . , nk]|β.

Since Bβ

βn1+n2+···+nk
is the cylinder [n1, . . . , nk], we have

[n1, . . . , nk, nk+1] ⊆ Bε((nk)) ⊆ [n1, . . . , nk]

and thus

lim
ε7−→∞

log(Bβ
ε ((nk))

log ε
=

H(X)

−E(X) log β

for all sequences from the set of full measure Aβ. �

The Hausdorff dimension of a Borel measure ν on the real line is given by

dimH ν := inf{dimH A|ν(A) = 1},

where dimH A is the Hausdorff dimension of a set A ⊆ R, see [16] or [5]. From Lemma

3.1 and Proposition 3.1, we obtain the following theorem using the local dimension of µβ.

Theorem 3.1 For the distribution µβ of a power series with randomly increasing expo-

nents Xβ we have

dimH µβ ≤
H(X)

−E(X) log β
.

5



Proof. Let Aβ be the set defined in the proof of the last proposition and Cβ = πβ(Aβ) ⊆
R. We obviously have µβ(Cβ) = µ(π−1β (πβ(Aβ))) ≥ µ(Aβ) = 1. Now fix x ∈ Cβ and

(nk) ∈ Aβ with πβ((nk)) = x. By Lemma 3.1, πβ is Lipschitz. Let L be the Lipschitz

constant. We have Bβ
L−1ε((nk)) ⊆ π−1β (Bε(x)) and hence

µβ(Bε(x)) = µ(π−1(Bε(x)) ≥ µ(Bβ
L−1ε((nk))),

which implies

log µβ(Bε(x))

log ε
≤

log µ(Bβ
L−1ε((nk)))

log ε
.

Proposition 3.1 implies

lim sup
ε7−→0

log µβ(Bε(x))

log ε
≤ H(X)

−E(X) log β
.

Now the local mass distribution principle, see [20] or [5], implies Theorem 3.1. �

The singularity assertion in Theorem 2.1 is just a corollary to this result.

Corollary 3.1 If β < e−H(X)/E(X) the measure µβ is singular with respect to the Lebesgue

measure.

Proof. Under the assumption we have dimH µβ ≤ H(X)
−E(X) log β

< 1, which implies the

singularity of µβ. �

4 Absolute continuity by transversality

The following transversality result for the coding map πβ is crucial to prove generic abso-

lute continuity of the distribution µβ of power series with randomly increasing exponents.

Proposition 4.1 For all β̄ ∈ (0, 1) there exists a constant C > 0 such that for all

sequences (nk), (mk) ∈ NN

λ{β ∈ (β̃, 0.668) | |πβ((nk))− πβ((mk))| < ρ} < Cρβ̃−(n1+n2+···+ni−1+min{ni,mi})

for all ρ > 0. Here i := min{i|mi 6= ni}.

Proof. Assume without loss of generality that mi > ni. Consider

φ(nk),(mk)(β) := πβ((nk))− πβ((mk)) =
∞∑
i=i

βn1+n2+···+ni − βm1+m2+···+mi
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= βn1+n2+···+ni(1− βmi−ni +
∞∑

i=i+1

βni+1+···+ni − βmi−niβmi+1+···+mi)

= βn1+n2+···+ni(1 +
∞∑
i=1

aiβ
i),

where ai ∈ {1, 0,−1}. Let g(β) := 1 +
∑∞

i=1 aiβ
i. It is known that the smallest double

zero of all power series that have this form is bigger than 0.668, see [18]. Hence there is

a constant C > 0 independent of g such that

λ{β ∈ (β̃, 0.668) | |g(β)| ≤ ρ} ≤ Cρ,

since all g intersect horizontal lines near the axis transversally with bounded slope. Thus

we obtain

λ{β ∈ (β̃, 0.668) | |φ(nk),(mk)(β)| ≤ ρ} ≤ Cρβ̃−(n1+n2+···+ni),

which is the claim of the proposition. �

Now we are prepared to prove a generic result on the density of the measures µβ.

Theorem 4.1 For q ∈ (1, 2] define βq ∈ (0, 1) by

βq = sup{β|(
∞∑
n=1

pqn
βn(q−1)

)1/(q−1) ≥ 1}.

For almost all β ∈ (βq, 0.668), the distribution µβ of a power series with randomly in-

creasing exponents Xβ is absolutely continuous with density in Lq.

Proof. Fix β̃ > βq. We consider the lower local density of the measure µβ given by

D(µβ, x) = lim inf
ρ 7−→0

µ(Bρ(x))

2ρ
.

From [10] 2.12 we know that

S :=

∫ 0,0668

β̃

∫
(D(µβ, x))q−1dµβ(x)dβ <∞

implies generic absolute continuity of µβ with density in Lq for the interval (β̃, 0.668).

Using standard arguments, see the proof of Theorem 4.1 in [15] or [11, 12], we obtain

S ≤ lim inf
ρ 7−→0

(
1

2ρ
)q−1

∫
(

∫
λ{β ∈ (β̃, 0.668) | |πβ((nk))− πβ((mk))| < ρ}d(mk))

q−1d(nk).

Using Proposition 4.1 and integrating we have

S ≤ (2C)q−1
∫

(

∫
β̃−(n1+n2+···+ni−1+min{ni,mi})d(mk))

q−1d(nk)
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≤ (2C)q−1
∫

(1 +
∞∑
i=1

β̃−(n1+n2+···+ni−1+ni)pn1pn2 · · · · · pni
)q−1d(nk)

≤ (2C)q−1
∫

(1 +
∞∑
i=1

β̃−(q−1)(n1+n2+···+ni−1+ni)(pn1pn2 · · · · · pni
)q−1d(nk)

= (2C)q−1(1 +
∞∑
i=1

∑
n1,...,ni∈Ni

β̃−(q−1)(n1+n2+···+ni−1+ni)(pn1pn2 · · · · · pni
)q)

= (2C)q−1(1 +
∞∑
i=1

(
∞∑
n=1

pqn
β̃n(q−1)

)i) <∞,

since
∑∞

n=1
pqn

β̃n(q−1) < 1 by the assumption β̃ > βq. �

The assertion of absolute continuity in Theorem 2.1 is just a corollary to this result.

Corollary 4.1 For almost all β ∈ (e−H(X)/E(X), 0.668) the measure µβ is absolutely con-

tinuous.

Proof. Using de L’Hospital rule we have

lim
q 7−→1

log((
∞∑
n=1

pqn
βn(q−1)

)1/(q−1)) =
∞∑
n=1

pn log(pn/β
n) = −H(X)− E(X) log β.

Hence

lim
q 7−→1

βq = sup{β|e−H(X)−E(X) log β ≥ 1} = e−H(X)/E(X).

This gives the result. �
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