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Abstract

We construct a continuum of shift invariant Borel probability measures on
{—1,1}" such that corresponding random power series in reciprocals of Pisot num-
bers are absolutely continuous with respect to the Lebsgue measure.
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1 Introduction

Let 5 € (0.5,1) be the reciprocal of a Pisot number a € (1,2); this is an algebraic integer
with all conjugates inside the unite circle, see Bertin et al. (1992). Let 9t be the compact
and convex space of all shift invariant Borel probability measures on {—1, 1} with the

weak*-topology, see Walters (1982). p € 9 induces a random power series by

Xp=> X,
i=1
where (X;) is the stationary process taking values in {—1,1} according to p. Let pg be
the Borel probability measure on the real line describing the distribution of Xg; pg(B) =
P(Xg € B). It is a classical result that goes back to Paul Erdés, that g is singular if
(X;) is a Bernoulli process. In fact Erdés (1939) proved the result for the equal weighted
Bernoulli measure. The proof can easily be generalized to arbitrary homogenous, see
Lalley (1999), and even inhomogeneous Bernoulli processes, see Bisbas and Neunh&userer
(2011). We are interested here in measures p € 9t such that g is absolutely continuous

with respect to the Lebesgue measure. We consider the set
Az = {p € M | pg is absolutly contiunues}

and prove here the following:

Theorem 1.1 A3 is a continuum; a compact and convex space with more than one ele-

ment.



It is easy to infer from known results that 2z contains the Parry measure p with measure
theoretic entropy H(u) = log(371). We give detailed references in the proof of proposition
2.1 below. Furthermore using the Garsia entropy we obtain, that the space 205 is compact
and convex, see corollary 2.1 below. The main aim of this paper is to construct a measure
p € g with measure theoretic entropy H(u) > log(87!). This proves the theorem, see

section 3.

2 Garsia entropy

We define a coding map 7 : {—1, 1} — R by

7((s1) =D sif"
i=1
p € M induces a Borel probability measure on R by us = m(u) = pom !, which obviously
is the distribution of the random power series Xz given in the introduction.
Let C, be the partition of {—1,1}" into cylinder sets of length n > 1. The Shannon

entropy of a partition with respect to u is given by

H,(C) = = 3 n(C)log(u(C).
ceCn
As a convention we use logarithm to base 2 throughout the paper. Since C,.,, = C, V
o~ "C,, for the shift map o and the join of partitions V, it is easy to check that H,(C,) is
a subadditive sequence for shift invariant measures p € 91. Hence the measure theoretic
entropy of
H,(C,
n——oo n

exists. Now we define a sequence of relations ~,, on {—1, 1} by

(5i) ~n (L) &= Z siff' = thﬂi-
i—1 i—1

Obviously this are equivalence relations. Let P, be the partition of {—1, 1} induced by
~n. Observe that the partition P, V ¢ "P,, is finer than P,,,,. Hence by well known
properties of the partition entropy, H,(P,) is a subadditive sequence, see Walters (1982).

Hence the Garsia entropy
H,(P,

n——o0 n
exists; compare with the papers of Garsia (1962) and Garsia (1963). Note that the
partition C,, is finer than the partition P,. Hence G(u) < H(p). To be more precise we

have o (C | D )
H(p) = Ga(p) + lim ——=——2

n—>00 n
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where H,(C,, | P,) is the conditional entropy, see Walters (1982) for the definition. The

first result on the Garsia entropy, we will use, is:

Proposition 2.1 The map p — Gg(p) is upper semicontinuous and affine with mawi-
mum log(3~1) on M.

Proof. Upper semicontinuity and affinity follow from proposition 6.4 of Neunhéuserer
(2007), where we proved the result in a more general setting. Furthermore we know that
the number of elements in the partition P, is bounded by #P,, < C[~" for a constant
C' > 0 depending only on 3, see Garsia (1962) or Lalley (1999). Hence

H,(Pn) < log(§Pn) < log(C) +nlog(f™1),

which implies Gg(p) < log(871). Now consider the S-subshift X5 C {—1, 1} with topo-
logical entropy log(3'), see definition 3.1 and corollary 3.6 of Ito and Takahashi (1974).
If 37! € (1,2) is a Pisot number this subshift is known to be Markovian by theorem 2 of
Ito and Takahashi (1974). Let p be the Parry measure on Xp, this is the measure of full
entropy H(u) = log(87'), see Parry (1964). It is known that 7 : X3 — R is invertible
up to a countable set of sequences, see proposition 3.2 of Ito and Takahashi (1974). Hence
there are no relations ~,, on Xz and we have Gg(u) = H(u) = log(871) for the Parry

measure L. O

Now we state a characterization of absolutely continuous measures pp using the Gar-

sia entropy, which is implicitly contained in the work of Lalley (1999).

Proposition 2.2 For pn € 9 the measure pg is absolutely continuous if and only if
Gp(p) = log(B7).

Proof. From proposition 3 of Lalley (1999) we know that

dimy pug < —Gp(p)/log 3

for the Hausdorft dimension dimy of the measure pg. If pug is absolutely continuous, we
have dimy s = 1 and hence Gg(u) = log3~!. On the other hand using the proof of
proposition 5 of Lalley (1999) (which essential goes back to Garsia (1962), we see that
Gs(pn) < log 871 if pg is not absolutely continuous. In fact Lalley assumed that pg is
singular in the proposition, but the proof works if we have a singular part in the Lebesgue

decomposition of p15, compare with the proof of theorem 9.1 of Neunh&userer (2007). O

Since 91 is compact and convex the last two propositions have the following consequence:

Corollary 2.1 23 is nonempty, compact and convez.

3



3 Construction of a measure with full Garsia entropy

For i > 1 we define a Borel probability measure v; on {—1, 1} by

1

)= e

for cylinder sets C' € C; with j > ¢ . Here § denotes the cardinality of a set and §,C :=
t{D e C;|D C P, C CPeP;}. Note that

Z Z 1 Z 1
beo IPC 1 1P

ceC;

for any ¢+ > 1. The cylinder sets of length j > i form a basis of the weak* topology on
the space of probability measures on {—1, 1}, thus the measures v; are well defined. Our
problem is, that the measures v; are not shift invariant. Instead of v; we will use a weak*

accumulation point u of the sequence

By construction g is shift invariant, g € 91, and we will show:

Proposition 3.1 For the measure constructed above we have

Galp) = log(87).
The proof is based on the following lemma.

Lemma 3.1 For allt >0 and 0 < g <t we have

Hu(P) _ Hu(P)) | 21og(2)q

1 q 1

The same 1is true for the partitions C;.

Proof. We prove the lemma for the partitions P;. The proof for C; is the same. In the
proof we write P; < P, if the partition P, is a refinement of the partition P;. PV Po
denotes the join of the partitions as usual.

By the definition of the partitions P; we have
Pirj 2 PiV o' (P;)

for all 4,5 > 1. Hence for all a,q > 1 we get

a—1

Pag =\ 0 "(Py).

u=0
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Giveni>0,0<g<iand 0 <k < q we write
i=a(k)qg+r+k,

where a(k) = | (i — k)/q] and 0 < r < ¢. Using this decomposition we have

a(k)—1
7)2' j \/ O'_U(H-k (Pq) V O'_(a(k)q+k) (7)7«) V Pk

u=0
By well known properties of the partition entropy H, see again Walters (1982), we conclude
a(k)—1

H,(P) < Y Hy (07" (Py)) + H, (0~ "W (P,)) + H,, (Py)

u=0
a(k)—
Z Hy, (07" (Py)) + 2g1og 2.

The last inequality follows from the fact, that the partitions P, and P, have less than 29

elements. Now summing over k gives

a(k)
Z o " (Py) + 2¢*log 2 < iH,, (Py) + 2¢° log 2.
k=0 u—=

MH

qH,

[e=]

Dividing by iq gives the result. 0

Proof of proposition 3.1. By definition of v; we have

=2

PEP;

ij ;) = log(4P;).

By #P; > ¢7" and lemma 2.1 we get

c H,(P 2log(2
logﬂ—l_l_; S ﬂz; Q) _|_ gZ( )q

Considering the limit ¢ — oo and using upper semicontinuity of H.(P,), we have

q
for all ¢ > 1. Using the subadditivity of H,(P,) we obtain log(5~') < Gz(i). On the
other hand we have G(u) < log(8~!) by proposition 2.1. O

From proposition 2.2 we conclude that pg is absolutely continuous, p € %A3. To get
theorem 1.1 it remains to show that g is not the Parry measure with entropy log(571).

This follows from:



Proposition 3.2 For the measure constructed above we have

> log(z.ﬁp) > log(B71).

PeP;

H(p) > log(5™") + lim in ﬁp

Proof. By definition of v; we have

§jwwzl%wnm =>

CeC; PcP;

) = log(#P;) + ﬁpz Z log(#P)

PcP;

ﬁP

and by #P; > ¢3¢ and lemma 2.1 for the partitions C; we get

1 log(4P) < H,,(Cy) | 2log(2)q
; + - .

1P; 1 - q i

PeP;

log(87)

Considering the limit ¢ — oo and using upper semicontinuity of H.(P,) we have

Zbﬁmfm@)

q

log(8™") + liminf —
( ) i—oo #P; ot

for all ¢ > 1. It remains to show that the limes inferior here is not zero. To this end

consider

= pep i )

for p > 0 and the projection P;, = 7(P;,) to the real line. In the following let £ be the
Lebesgue measure on R. It follows from Theorem 1.1 of Feng and Sidorov (2011) using
Egorov’s Theorem that there are constants p,d > 0 such that ¢(|JP;,) > & for all i that
are sufficient large. Note that ¢(w(P)) = 2871 /(1 — f8) for all P € P;. Hence we obtain

iy 2 30— )5

for sufficient large 7. Now we get

lininf > og(eP) > lim fi > log(4P) , hmmfip_‘s(l _ BB >0

I—$00 ij Pom; 7 z>—>c>o ﬂ zPGPiP 7 T 00 ijZ 2

For the last inequality we use the fact that §P; < C3~¢ for some constant C' > 0 indepen-
dent of 7. O
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