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Abstract

We show that dimensional theoretical properties of dynamical sys-
tems can considerably change because of number theoretical peculiar-
ities of some parameter values
AMS subject classification 2000: 37C45, 37A45

1 Introduction

In the last decades there has been an enormous interest in geometrical
invariants of dynamical systems especially in the Hausdorff dimension of
invariant sets like attractors, reppelers or hyperbolic sets and ergodic mea-
sures on these sets. A dimension theory of dynamical systems was devel-
oped and now a days the Hausdorff dimension seems to have its place
beside classical invariants like entropy or Lyapunov exponents.?

There are two main principles that form a kind of a guide line through the
dimension theory of dynamical systems. The first states the identity of
Hausdorff and box-counting dimension of invariant sets. The second one
is the variational principle for Hausdorff dimension which states that the
Hausdorff dimension of a given invariant set can be approximated by the
Hausdorff dimension of ergodic measures on these set or in a stronger form
states the existence of an ergodic measure of full Hausdorff dimension on
an given invariant set. In many situations these principle are essential to
determine the Hausdorff dimension of an invariant set and for relating this
quantity to other characteristics of the dynamics like entropy, Lyapunov
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exponents and pressure.

For conformal repellers we know that the identity of Hausdorff and box-
counting dimension holds and that there exists an ergodic measure of full
Hausdorff dimension (see chapter 7 of [18]). For hyperbolic sets of dif-
feomorphisms the variational principle for Hausdorff dimension does not
hold in general (see [16]). But again if the system is conformal restricted
to stable resp. unstable manifolds there exits an ergodic measure of full
dimension for the restrictions and the identity of box-counting and Haus-
dorff dimension of the hyperbolic set holds (see again chapter 7 of [18]).
In the non conformal situation there is no general theory this days that
allows us to determine the dimensional theoretical properties of a given
dynamical system. But there are a lot of results for special classes of
systems that state that the variational principle or the identity of box-
counting and Hausdorff dimension or both hold at least generically in the
sense of Lebesgue measure on the parameter space (see for instance [7],
[24], [17], [27], [26]). In this paper we focus at such classes of systems.
We will show that in situation were there generically exists an ergodic
measure of full Hausdorff dimension the variational principle for Hausdorff
dimension may not hold in general because of number theoretical pecu-
liarities of some parameter values (see Theorem 2.1 below). Furthermore
we will show that the identity of Box-Counting and Hausdorff dimension
may drop because of number theoretical peculiarities in situations were
this identity generically holds (see Theorem 2.2 below). Our example for
the first phenomena is the Fat Baker’s transformation and our example
for the second phenomena is a class of self-affine reppelers. Both classes
of systems are very simple but it seems obvious to us that the same phe-
nomena appear as well in more complicated examples also this would be
of course even harder to proof.

All our results are related to a special class of algebraic integers namely
Pisot-Vijayarghavan numbers® (short: PV numbers) and they are in some
sense the consequence of a generalisation of results of Erdés [5], Garsia
([8], [9]) and Alexander and Yorke [1] on the singularity and dimension of
invenitly convolved measures. We think that from the viewpoint of geo-

3 A Pisot-Vijayarghavan number is an algebraic integer with all its algebraic conjugates
inside the unit circle (see appendix B)



metric measure theory and algebraic number theory this generalisation is
interesting in itself (see Theorem 4.1 below).

The rest of the paper is organised as follows. In section two we define
the systems we study, state our main Theorems 2.1 and 2.2 about these
systems and comment on our results. In section three we introduce cod-
ing maps for our systems and find representations of all ergodic measures
using these codings. In section four we define a class of Borel probability
measures associated with a PV numbers (Erdos measures), introduce a
kind of entropy related to this measure (Garsia entropy) and state our
main Theorem 4.1 about the singularity and the Hausdorff dimension of
Erdos measures. The proof of Theorem 4.1 is given in section five, the
proof of Theorem 2.1 is contained in section six and the proof of Theorem
2.2 can be found in section seven. All our proofs consist of several propo-
sitions which may be interesting in them self. In appendix A we collect
some basic definitions and facts in dimension theory and in appendix B we
we define PV numbers and state the properties of these algebraic integers
that we need in our work.

Acknowlegdment: [ wish to thank Jorg Schmeling who helped me a
lot to find the results presented here.

2 Basic definitions and main results

For § € (0.5,1) we define the Fat Baker’s transformation fz: IR x
[_L 1] — IR x [_17 1] by
(Bt (1-B)2y-1) i y>0

Io@9) =% (e —(1-p)2y+1) it y<o.
This map was introduced by Alexander and Yorke in [1]. It is called
Fat Baker’s transformation because if we set 5 = 0.5 we get the classical
Baker’s transformation.
It is obvious that the attractor of fs is the whole square [—1,1]? which
has Hausdorff and box-counting dimension two. We always restrict fg to
its attractor.

Now we state our main result about the Fat Baker’s transformation.



Theorem 2.1 If § € (0.5,1) is the reciprocal of a PV number then
the wvariational principle for Hausdorff dimension does not hold for

([=1,1)%, f5) i.e. {dimpy p|pu fs-ergodic} < 2.

Remark 2.1 Theorem 2.1 is an extension of the result of Alexander and
York [1] that states that the Sinai-Ruelle-Bowen measures for ([—1, 1], f3)
does not have full Rényi dimension.

Remark 2.2 It follows from [1] together with Solomyak’s theorem about
Bernoulli convolutions [25] that for almost all 8 € (0.5, 1) the Sinai-Ruelle-
Bowen measures for ([—1,1]2, f3) has full dimension. Thus our theorem
shows that in situations where there generically is an ergodic measure
of full dimension the variational principle for Hausdorff dimension may
not hold in general because of special number theoretical properties of
some parameter values. As far as we know our theorem provides the first
example of this type.

Now we come to our second class of examples. For g € (0.5,1) and
7 € (0,0.5) we define two affine contractions on [—1,1]? by

T (2,2) = (Bz+ (1= B), 72+ (1 —7))

T (2,2) = (Bz — (1 - B), 72 — (1 — 7).

From [10] we know that there is a unique compact self-affine subset Ag
of [~1,1]? satisfying

Agr =TT (Ag) UT (Ag.).

Let Ts, be the smooth expanding transformation on 77" ([—1,1]%) U
TP7([—1,1]2) defined by

Tor(x) = (TP Y x) if zeT’([-1,1]2) for i=1,-1.

Obviously the set Ag ; is an invariant repeller for the transformation T3 .
We call the system (Ag,,Tj3,,) a self-affine repeller.

Let us state our main result about the systems (Ag -, T3.7).
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Theorem 2.2 Let § € (0.5,1) be the reciprocal of a PV number. For all
7 € (0,0.5) we have dimy Ag, < dimp Ag . Moreover if T is sufficient
small there can not be a Bernoulli measure of full dimension for the system
(Mg Tpr)-

Remark 2.3 We know from [17] that for almost all 5 € (0,5,1) and all
7 € (0,0.5) the identity

log 23 1

dimpy Ag.r = dimp Ay = 7007

holds and that there is a Bernoulli measure of full dimension for
(A, Tp+). Thus Theorem 2.2 shows that dimensional theoretical prop-
erties of dynamical systems can considerably change because of number
theoretical peculiarities.

Remark 2.4 That the identity of Hausdorff and box-counting dimension
may drop because of number theoretical peculiarities was shown before by
Przytycki and Urbanski [21] in the context of Weierstrass like functions.
Pollicott and Wise [22] claimed (without a proof) that the first statement
of our theorem follows for small 7 from the work of Przytycki and Urban-
ski. We were not able to see that this is true and thus wrote down an
independent proof which gives explicit upper bounds on dimy Ag, (see

section seven).

Remark 2.5 We do not know if there exists an ergodic measure of full
Hausdorff dimension for the systems (Ag ,Tj,) and we can not calculate
dimpy Ag, in the case that § € (0.5,1) is the reciprocal of a PV number.
The second statement of our theorem only shows that it is not possible to
calculate dimg Ag » by means of Bernoulli measures in this situation.

3 Coding maps and representation of ergodic
measures

We first introduce here the symbolic spaces which we use for our coding.
Let ¥ = {—1,1}# and £+ = {—1,1}™. By pr, we denote the projection



from ¥ onto . With a natural product metric ¥ (resp. 1) becomes
a perfect, totally disconnected and compact metric space. For u,v € Z
(resp. u,v € IN) and to,t1...,t, € {—1,1} we define a cylinder set in ¥
(resp. X1) by

[to,tl - ,tu]y = {(3k>|3v+k =t for k=0,.. .,u}.

The cylinder sets form a basis for the metric topology on ¥ (resp. XT).
The forward shift map o on ¥ (resp. £7) is given by o((sx)) = (sk11)-
The backward shift ¢! is defined on ¥ and given by o((sx)) = (sk_1).
By b for p € (0,1) we denote the Bernoulli measure on ¥ (resp. X1),
which is the product of the discrete measure giving 1 the probability p and
—1 the probability (1 — p). We write b for the equal-weighted Bernoulli
measure b%-°. The Bernoulli measures are ergodic with respect to forward
and backward shifts (see [4]).

We are now prepared to define the Shift coding for the Fat Baker’s trans-
formation ([—1,1]%, f3). Define a continuous map #g from ¥ onto [—1, 1]?
by

w5(i) = (1= B8) > i D ik(1/2)F)
k=0 k=1
A simple check shows that
faofp(i) = oo (i) Vi€ X = (S\{(sk)|FkoVk < ko : s, = 1})U{(1)}.

Note that if p is a o-invariant Borel probability measure on 3 we have
w(X) = 1. From this fact by applying standard techniques in ergodic
theory it is possible to show that the map

p— pg = oy

from the space of o-ergodic Borel probability measures on ¥ is contin-
uous with respect to the weak® topology and is onto the space of fg-
ergodic Borel probability measures on [—1,1]2. Moreover the system
([=1,1], f3, up) is a measure theoretical factor of (X, 071, )



Now we introduce a shift coding for the self-affine repeller (Ag;,13,).
Consider the homeomorphism 73 .: ¥ — Ag, given by

o) = (1= B) Y kB (L—=7) D irs).
k=0 k=0

It is easy to see that w3, 0 0 = T, o 0. Thus the systems (Ag,,Tp;) is
homoeomorph conjugated to (3, 0) and the map

B gy = pomyy

is a homeomorphism with respect to the weak™ from the space of o-ergodic
Borel probability measures on ¥ onto the space of Tj -ergodic Borel
probability measures on Ag ¢4

4 Erdos measures and Garsia entropy

For 3 € (0.5,1) define a continuous map from X onto [—1, 1] by

o0

ma(i) = (1—8) Y ixf".
k=0
Given a Borel probability measure v on ¥ we define a Borel probability
measure on [—1,1] by vg =vo wﬂ_l. If we choose the Bernoulli measure
b? on X for a p € (0,1) then by is a self-similar measure which is usually
a called Bernoulli convolution. There are a lot of results in the literature
about Bernoulli convolutions and we can not cite all these works here. In-
stead we like to refer to the nice overview article ”Sixty years of Bernoulli
convolutions” by Peres, Schlag and Solomyak [20].

In our work we are not only interested in Bernoulli convolutions but in all
measures vg where v is a o invariant Borel probability measure ¥ and
B € (0.5,1) is the reciprocal of a PV number (see appendix B). We call a
measure of this type an Erd6s measure.

Now we will introduce a special kind of entropy related to Erdos mea-
sure. What we will do here is generalisation of the approach of Garsia



([8],[9]) for Bernoulli convolutions to all Erdés measures. Let ~,, g be the
equivalence relation on T given by

n—1 n—1
i~ng g > B = Y s
k=0 k=0

and define a partition IT,, 3 of 1 by II,, g = £%/ ~,, 3. Recall that entropy
of a partition IT with respect to a Borel probability measure v on X7 is

H,(Il) = = > v(P)logv(P).
Pell
We denote the join of two partitions II; and Ily by IIy V Ils. This is the
partition consisting of all sections ANB for A € II; and B € Ils. It is easy
to see that the I, g V 07" (Il,, g) is finer than the partition I, ,, g and
hence the sequence H,(II,, g) is sub-additive for a shift invariant measure
v on Y. We can thus define the Garsia entropy Gpg(v) for a shift
invariant Borel probability measure v on ¥ by

Gg(v) :== lim LV(H"’B) = inf LV(H”’@.

n—-00 n n n

The limit exists and is equal to the infimum since the sequence H,(II,, 3)
is sub-additive. Another simple consequence of the sub-additivity of this
sequence is that the map

vi— Gg(v)

upper-semi-continuous with respect to the weak™ topology on the space of
o invariant Borel probability measures on X7,

We are now prepared to state our main theorem about Erdés measures
and Garsia entropy.

Theorem 4.1 Let § € (0.5,1) be the reciprocal of a PV number. For
all o-ergodic Borel probability measures v on X7 the following equivalence
holds

vg is singular < Gg(v) < —log f < dimpy vg < 1.

Moreover the set of o-ergodic measures Borel probability measures v on
Y1 such that vg is singular is open in the weak® topology and contains the
Bernoulli measures bP for p € (0,1).



Remark 4.1 It has been shown by Erdds [5] that the equal-weighted
Bernoulli convolution bg is singular if 3 € (0.5, 1) is the reciprocal of a PV
number. Using this result Garsia [9] proved G3(b) < —log 8 and from this
Alexander and Yorke [1] deduced that the Rénji dimension of bg is less
than one. In the proof of Theorem 4.1 we will adopt ideas of all of these
authors. In our generalisation from the equal-weighted Bernoulli measure
to all g-invariant measures we had do deal with some difficulties which
are mainly of technical nature (see section four).

Remark 4.2 The PV case is exceptional. It was shown by Solomyak [25]
that for almost all 8 € (0.5,1) the Bernoulli convolution bg is absolutely
continuous with density in L2.

5 Proof of Theorem 4.1

The proof of Theorem 4.1 follows from three propositions and is given at
the end of this section

Proposition 5.1 If § € (0,5,1) is the reciprocal PV number then the
measures b% are singular for all p € (0,1).

Proof The measure bg is given by the infinite convolution of the discrete
measures b7", which give (1 — 3)3" the probability p and —(1 — 3)5" the
probability (1 —p). From [11] we know that the Fourier transformation of
a convolution is the product of the Fourier transformation of the convolved
measures. Consequently the Fourier transformation ¢ of bg is given by:

o0

3(b, w) = [] (cos((1 = 8)8"w) + (2p — 1)sin((1 — B)5"w)).

n=0

We see that

|60, ) = [T I(cos((1 = B)B"w) + (2p — 1) sin((1 — 5)B"w))]
n=0

> [ lcos((1 = B)B"w)|-
n=0



Now let wy, = 2737%/(1 — 3). We have

00 k 00
(0, wr)| > ] leos@rs" ") = ] lcos2rs™*)| [ [cos(2mp™")|
n=0 n=0 n=k+1

k
=C H | cos(2 3™ ™)|
n=0
where C' is a constant independent of k£ and not zero. Now let 3 be the
reciprocal of a PV number. From proposition Bl of appendix B we know
that there is a constant 0 < 6 < 1 such that |[f7"||z < 6" Vn > 0
where ||.||z denotes the distance to the nearest integer. This implies
\(Z)(bg,wk)\ > C > 0 for all k> 0. Thus we have that (b, w)| does not
tend to zero with w — oo. Hence by Riemann-Lebesgue lemma bg can
not be absolutely continuous if 3 is the reciprocal of a PV number. But it
follows from the theory of infinity convolutions developed by Jessen and
Winter [11] that bg is of pure type that means either absolutely continuous.
This completes the proof. O

Remark 5.1 This proof is nothing but an obvious extension of Erdés [5]
original argument.

Proposition 5.2 Let 5 € (0.5,1) be the reciprocal of a PV number and
v be a shift invariant Borel probability measure on 7. If vg is singular
then Gg(v) < —log 8 holds.

Proof Fix 3. Define 7, from % to [—1, 1] by 7, ((sx)) = 27— sk(1—8)3*
and let v, = vom,!. Let #(n) be the number of distinct points of the
form 775 +(1 — 3)8* and w(n) be the minimal distance between two of
those points. Furthermore denote the points by 2 i =1...4(n) and let
m;' be the v measure of the corresponding elements in II,, 3, which means

m = v (a}).

We first state a property of PV numbers we will have to use here, see
proposition B2 of appendix B:

71 is PV number = 3 ¢:w(n) > 6™
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Since (#(n) — 1)w(n) < 2 we get #(n) < 4w(n)~! < B~ with ¢ :=4e~!

Now we assume that vg is singular. It follows that there exists a con-
stant C' such that:
Ve > 0 3 disjoint intervals (a1, b1), ..., (ay, by) with

u u

Z(bl —a;) <e and v3(0)>C where O := U(al,bl).

=1 1=0
With out loss of generality we may assume vg(a;) = vg(b) = 0 for [ =
1...u. It is obvious that the discreet distribution v,, converges weakly to
vg. Thus we have: Inyi(e) Vn > ni(e) : v,(O) > C. We now expand the
intervals a little bit, so that their length is a multiple of w(n).

ki =max{k | kw(n) < a1} a, = ki pw(n)

kipn :=min{k | b < kw(n)} by, =k aw(n)

Since w(n) — 0 we have:
dna(e) > ni(e) ¥Yn >na(e): (app,bry) disjunct for I =1...u and

Z bin—ain) <€ and v,(0)>C where O = U(al7n,bl7n).
=1 =0

Let ﬂ(n) be the number of distinct points % in O. Since in one interval
(ain, bipn) there are at most k., — k., points z7 we have w(n)f(n) < e and
hence #(n) < ecf7".

For all n > ng(€) we can now estimate:

#(n)
—Zm?logmf =— Z m; logmj — Z m; log m}'
i=1

zre0 z¢0

< a(0) log s + (1= 4 (0)) log F 0

vn(0)log §(n) + (1 — v (0)) log §(n) + log 2
(O) ogecB ™+ (1 — v, (0))log e~ + log 2
< nlogf~t + Cloge+ logc+ log2.
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If € is small enough we have H,(Il,, 5)/n < log 37! for all n > na(e). Using
the sub-additivity of H,(II, 3) we get our result. O

Remark 5.2 Garsia sketched a proof of this proposition for the equal
weighted Bernoulli measure in [8] . Our poof is a more detailed and
extended version of Garsia’s argumentation.

Proposition 5.3 If v is a shift ergodic Borel probability measure on T
and 3 € (0.5,1) we have

dimH Vg < Gﬁ(y)/ - logﬂ.

Proof Because we will operate with Rényi dimension dimp, (see appendix
A) we are interested in an upper bound on the quantity

hy(€) = inf{ H,(II)|II a partition with diamII < e}

by the entropy of the partitions II, g of . We proof the following
statement

hzzg (26n) < Hu(Hn,ﬁ)

Fix 3 € (0.5,1), 7 € (0,0.5), a measure v on ¥ and n € IN. We use the
convention that the first coordinate axis is called x-axis and prx denotes
the projection on this axis.

We define a partition of Ag . by g, = 7g (Il 3). By definition we have

HV(Hn,ﬁ) = HV[s,T (9n)-

We should say something about the structure of p,. The image of a
cylinder set [ig,...,in—1]o in ¥ under 7g, is the part of Ag, lying in
the rectangle Tz’ijl 0...0 TgT(Q) of z-length 28™. It is not difficult to
check that two cylinder sets lie in the same element of II,, 5 if and only if
the corresponding rectangles lie above each other. So the projection of an
element in g, onto the z-axis has length 25".

The projection onto the x-axis of two elements in gp,, may overlap. Starting
with @, we want to construct inductively a partition @, of Ag , with non-
overlapping projections, in a way that does neither increase length of the
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projections nor entropy. Let N(p) be the number of pairs of elements in a
partition g that do have overlapping projections onto the z-axis. We now
construct a finite sequence pF of partitions. First let p2 = p,. Now let
@k be constructed and N(pk) > 0. Let Py and P, be two elements of pF
with overlapping projections. Without loss of generality we may assume
vg+(P1) > vg . (P2) and define:

Pl=P U(P,N(prxP, x[-1,1])) Py = P\(prx P x [—1,1]).

We have P\UP, = PiUP,, P, C P and P, C P,. Thus we know:
Vor(P1) + vpr(P2) = vpr(P1) + vpr(Ps) and vg . (P1) > vpr(P1) >
vg,+(P2) > vg . (P,). Since the function —x logx is concave, this implies:

— (g (P1) log vg - (P1) + vp,r(P2) log v - (Py)) <

_(V/B,T (Pl) log V57T(P1) + V57T(P2) log V/B,T (Pg))

Hence if we substitute P;, P, for P, P, we get a partition pﬁ“‘l of Ag -
with non-increased entropy. From the definition of ]51 and ]52 we see that
prxpl = prx Py, erPQ C prx P, and that the projections of ]51 and ]52
onto the z-axis do not overlap. So the length of the projections are ob-
viously not increased. Furthermore we observe that there cannot be any
new overlaps of the projections of P; or P, with the projections of other
elements in pﬁ, that do not appear, when we consider P; or P,. Hence

N(pht') < N(pp)-
So after a finite number of steps we get a partition @, with

Hy, (on) = Hyy , (6n),

non-overlapping projections onto the z-axis and diam prx@, < 26"
prx@n is a partition of the interval [—1,1] and we have

HVB (pTX@n) - HV[}’T (@n)a

since the measure vg is the projection of vg . onto the z-axis. The proof
of our claim is complete:

hV@ (28") < Hz/g (prxon) = Hl/g,f(@n) < HVg,T(@n) = HV(Hn,ﬁ)-
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We are now able to estimate the Rényi dimension

Tmop — T Jwel®) e (267 ey, (267)
S T ®loge! " log 0.53"" " nlog p1L
H,(np) _ Gp(v)

< = .
= nlog =1  log B!

Using part (3) of proposition Al from appendix A we get

V6 > 03X : vp(X) > 0 and d(z,v5) < G(v)/log B+ Vre X.

But the measure vg is exact dimensional, because it is the transversal
measure in the context of the ergodic dynamical system (Ag -, T3+, v3.7).
This fact was observed by Ledrappier and Porzio, see [14]. So our estimate
must hold vg-almost everywhere and by part (2) of proposition A2 we get
dimpy v < Gg(v)/log 71 + § for all § > 0. This proves the proposition.
O

Remark 5.3 Let us remark that Alexander and Yorke [1] proved the iden-
tity dimg bg = Gg(b)/log 37! for the equal-weighted infinitely convolved
Bernoulli measure bg. In their proof they used the self-similarity of this
measure. In our general situation we could not appeal to self-similarity
and thus had to develop a different technique.

Proof of Theorem 4.1 Under the assumptions of our theorem we have
v is singular =52 Gp(v) < log 671 =53 dimy vg < 1 = vg is singular.

These implications prove the first statement of Theorem 4.1. Now choose
an singular Erdés measure 5. We have G5(¢) < log 371, By upper-semi-
continuity of G we get G(v) < log3~! and hence dimvg < 1 for all v
in a hole weak®™ neighbourhood of {. Thus the set {v|vg is singular} is
open in the weak®™ topology. The set contains all Bernoulli measure by
Proposition 4.1. |

6 Proof of Theorem 2.1

The proof of Theorem 2.1 follows from and Theorem 4.1 and two proposi-
tions providing upper estimates on the Hausdorff dimension of all ergodic
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measures pg for the Fat Baker’s transformation fg. It can be found at the
end of this section.

Proposition 6.1 If u is a shift ergodic Borel probability measure on X
and 3 € (0,5) we have

dimp pg < 1+ < G(pry(p))/ —log
where pry denotes the projection from ¥ onto X7 .

Proof By Proposition A2 and the definition of the Hausdorff dimension
of a measure we have dimy ug < 1+ dimpy prxpug where prx denotes
the projection onto the first coordinate axis. Just by definition of the
involved measures we have prxpus = (pryp)s and hence dimpy pg < 1+
dimg (pr4p)g. The proposition follows now immediately from Proposition
5.3. O

Proposition 6.2 If u is a shift ergodic Borel probability measure on 3
and 3 € (0,5) we have

dimpg pg < 1+ < hy(o)/log 2
where hy, (o) is the usual measure-theoretic entropy of the shift (X, 0, ).

Proof The proof of this proposition is a little bit difficult. We want to use
the general theory relating the dimension of ergodic measure to entropy
and Lyapunov exponents (see [13] and [3]). Usually this theory is stated
in the context of diffeomorphisms but the Fat Baker’s transformation is
not invertible and has a singularity. To deal with the first problem we
define for 8 € (0.5,1) and 7 € (0,0.5) a lift fz,: [~1,1]> — [~1,1] of the
Fat Baker’s transformation f3 by

; L Br+(=B)2y— 1,z +(1=7)) if y>0
fﬁ(m,y72)_{(593—(1—5)723/—1-177'2—(1—7)) if y<O.

This maps is invertible and its projection onto the (z, y)-plane is fg. More-
over it is easy to see that fg has an attractor AB,T which is given by the
product of the self-affine set Ag, in the (z,z)-plane with the interval
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[~1,1] on the y-axis. Let us introduce a Shift coding 7., : ¥ — Ag . for
the system (/A\gj7 fﬁJ) by

Far(i) = ((1=B) Y e D in(1/2)%, (1= 7)Y ix7k).
k=0 k=1 k=0

Given a g-ergodic measure on 3 we define a fg r-ergodic measure fig , on
Aﬁr by figr = p o 7757 Section four of [17] contains a proof of the fact
that we are allowed to apply the general results found in [13] and [3] to the
system (A,B,n fﬁm fi3,7) also this system has a singularity. We do not want
to reproduce the argument here. We only like to mention that main idea
is that the set of points that approaches the singularity of (Aﬁm fﬂm f5,7)
with exponential speed has zero measure and thus Lyapunov charts exist
almost everywhere for ([\gﬁ, fﬁm fi5.7). From Theorem C and Theorem
F of [13] we have by this fact

hﬂ,ﬂ,T (fﬁaT)

log 2 + dim 1

dimp ﬂﬁ,T <
where dim /17 ;. is the local dimension of the conditional measures of fig -
on the partition {[-1,1] x {y} x [-1,1]|ly € [-1,1]} in the stable di-
rection of f@T and hg, ( fgyT) is the measure theoretical entropy of the
system (ABT, f@T, ,ugT) Since the conditional measures are just by def-
inition concentrated on the set {(z,y,2)|(z,2) € Ag, y € [-1,1]}
we have dimuj, < dimpAg, and from [22] we know dimpAg, =
log(26/7)/log(1/7). Furthermore it is easy to see that the systems
(Aﬁm f/gﬂ—, fi5.+) and (2, 0, ) are measure theoretical conjugated and thus
hﬂﬁﬁ(f:gﬁ) = hyu(0). Hence we have

L hu(o) | log(26/7)
d - )
MO Bpyr = log 2 + log(1/7)

Now note that 15, projects to pg and hence dimpy pg < dimpy fig » for all
7 € (0,0.5). Thus we get

_ hulo) , Tox(23/7)
T~ log2 log(1/7)

With 7 — 0 our proof is complete. O

dimg fig, V1 € (0,0.5).
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Proof of Theorem 2.1 From Theorem 4.1 and the upper-semi-continuity
of Gg we get Gg(prtu)/log 87 < ¢; < 1 for all u in hole weak* neigh-
bourhood U of b in space of g-ergodic Borel probability measures on 3.
Hence by Proposition 6.1 dimg jig < ¢1 +1 < 2 holds for all ¢ in U. On
the other hand we have by well known properties of the measure theo-
retical entropy, h,(c)/log2 < c¢a < 1 on the complement of U (see [4]).
From Proposition 6.1 we thus get dimpg pug < c2 +1 < 2 for all p in the
complement of U. Putting these facts together we obtain

dimg JO%; < InaX{Cl,CQ} +1<2= dimH[—l, 1]2.

But we know that all ergodic measures for the system ([—1,1]?, f3) are of
the form pg for some o-ergodic Borel probability measures p on . and
the proof is complete. O

7 Proof of Theorem 2.2

The proof of Theorem 2.2 has a lot of ingredencies, a formula for dimp Ag -
found in [22], a formula for dimp bj; . found in [17], Theorem 4.1 and the
following two proposition giving upper bounds on dimg Ag ;.
Proposition 7.1 If € (0.5,1) is the reciprocal of an PV number and
7 € (0,0.5) we have

log 8

log(Y pen, , (4P) )
nlog -1
where 11, g is the partition of X7 defined in section four and $P denotes

dimH Ag’q— < Vn > 1

the number of cylinder sets of length n contained in an element of this
partition.

Proof Fix a reciprocal of a PV number § € (0.5,1) and 7 € (0,0.5). Let
n > 1 and set

log B8

 log(Xpen, ,(4P)%=7)

tn = nlog B! '
Consider the set of cylinders in 1 given by C,, = {[5152...8m]o | 8 €
{=1,1}" i =1...m}. Define a set function n on C,, by

~ - ﬁp(g)logﬁ/logT

™Un  and
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n([8132 ... Smlo) = n([51]o) - n([S2]o) - - - - n([Smlo)

where 3, §1,. .. 5, are elements of {—1,1}" and P(S) denotes the element
of the partition II,, g containing the cylinder [5]o.

Note the facts that C,, is a basis of the metric topology of X1 and that
> sef—1,13» M([8lo) = 1 by the definition of u,. Thus we can extend 7 to
a Borel probability measure on X% and ng, := no ﬂng defines a Borel
probability measure on Ag ;.

Given m > 1 we set g(m) = [m(log(/logT)]. Given a §; € {—1,1}"
for i = 1...m we define a subset of Ag, by

o0 o0
Rs .5, ={Q_si1=3)8 Y t:(1 —7)7") | si,ti € {—1,1}
i=0 i=0
(S(i—1)ns+-++Sin—1) =38; i=1...m and

(t(ifl)n, ‘e atin—l) = 51 1=1... q(m)}

We see that Rj, . 3, is "almost” a square in Ag ; of side length 5". More
precise we have:

c1 ™" < diamRj, . 5, < ™" (1)
where the constants ci, co are independent of the choice of 5;.

Now let as examine the 773 ; measure of the sets R, . 3,,.

Assume that ; ~pg 8 for i = ¢q(m) + 1...m where ~,3 is
the equivalence relation introduced in section four. The rectangles
78, ([81 - - - Sg(m)tq(m)+1 - - - tm]o) are all disjoint and lie above each other
in the set Rj,. 3,,. Hence we have

N, (R ...5,,) > n( U 737 ([31 -+ - Sqm)ta(m)+1 - - - tm]o) =
fiNn,Bgi i=q(m)+1..m

18



Using the fact § ~, 5 t = §P(3) = §P(#) = n([3lo) = n([t]o) this last
expression equals

[ 7(50) > 1

i=1 {iwn,ﬁgi i=q(m)+1..m

m log B8/ log T

H ) ) ﬁmnun Z 1

i=1 ti~vn 8 i=q(m)+1l..m

Hml ﬁP( )logﬁ/logr
1V 4P(si)

/an’un — (qsglgmﬂnun)m

where 1 1
I 4P(5:)/°8 s

W e p(s)

Now fix an € > 0 We use the sets Rg, 5, to construct a good cover of

1/m.

B5..5m = (

Ag ; in the sense for Hausdorff dimension. To this end set

Ry, :={Rs, . 5,.|05..5., > 08"}

We have an upper bound on the cardinality of R,,. If R € R,, then
N+ (R) > 7+ and since 73, is a probability measure we see:

card(Ry,) < g~mmunte) (2).

Now let R(M) = U,;>n Bim- We want to prove that R(M) is a cover of
Ag, for all M > 1.

For s = (sx) € 1 we define the function ¢, by ¢m(s) = Psg..smm_1-
In addition we need two auxiliary functions on X 7:

o P((S(—1yns - - - » Sin—1))/™

fm(ﬁ) = o :
qﬁo) ﬁP((S(Z;l)n, ey Sin—1))1/a(m)
q(m)
H 4P ((s L S )))/am) log Blogr—q(m)/m).
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Since 1 < #P(3) < 2" we have 1 < gy,(s) < 2n(legf/logT—a(m)/m) = Thyg
by the definition of ¢(m) we have g, (s) — 1. Moreover we have
My, oo fm(s) > 1 because [Ti_g 8P ((si—1m, ..., Sin_1))/t > 1 WVt > 1.
A simple calculation shows ¢, (s) = (fin(s))1°88/187 g (s). The proper-
ties of f and g thus imply:

mm—»oo¢m(§) >1 Vse >t

This will help us to show that R(M) is a cover of Ag,. For all
s = (sg) € T there is an m > M such that ¢,,(s) > (" and thus
78,+(58) € Ry, ..., € R(M). Since g, is onto Ag . we see that R(M)
is indeed a cover of Ag ;.

Smn—1

We are now able to complete the proof. For every ¢ > 0 and every M € IN

we have:
Z (diamR)4nT2€ = Z Z (diamR)4n+2¢
ReR(M) m>M RERm,
<(1) Z Z ﬁmn Un+2€ _ Z Card(Rm)(Czﬂmn)u"JrQE
m>M RER, m>M
3(2) cgn+2€ Z /an6~
m>M

The last expression goes to zero with M —— 0. By the definition for
Hausdorff dimension we thus get dimg Ag, < u, + 2¢ and since € is
arbitrary, we have dimg Ag; < uy,. O

Remark 7.1 Some ideas we used here are to due the prove of McMullen’s
theorem on self-affine carpets [15] by Pesin in [18].

Now we use strategies developed in the proof of Proposition 5.2 to get:
Proposition 7.2 If § € (0.5,1) is the reciprocal of a PV number and
€ (0,0.5) we have

log 8

log(pen, ,(2P) %) log(28/7)
nlog 31 = log(1/7)

ANelN Vn>N
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Proof Fix a reciprocal of a PV number 3. Consider the proof of Proposi-
tion 5.2 for the equal weighted Bernoulli measure b. Recall that we denote
by 2 i = 1...4(n) the distinct points of the form Y7} +(1 — 3)8* and
by m? the b measure of corresponding element P? from the partition IL, 3.

By the singularity of bg we have more than we used in the proof of 5.2:
VC € (0,1) Ve > 0 3 disjoint intervals (a1,b1), ..., (ay, by) with

u u

Y (=) <e and bg(0)>C where O :=|J(a,by).
=1 =0

By the same arguments we used in the proof of Proposition 5.2 we con-
clude:
de>0VC € (0,1) Ve >0 3IN = N(e,C) Vn > N:

Z m? > C and #(n) := card{z} € O} < ecf™.
x?eé

Since m? = b(P!) = #P. /2", where #P denotes the number of cylinder
sets of length n contained in P, it follows that there is a subset ﬂn,ﬁ of
I1,, 3 with #(n) elements such that

> tp>C2"

Peﬁnﬁ

We estimate:

Z (ﬂp)log,@/logﬂ-: Z (ﬁp)logﬁ/log'r_’_ Z (ﬁp)logﬁ/logfr

PGH”ﬁ PEﬁnﬁ PEHnyﬁ\ﬁn’g

Sﬁ(n)l—logﬁ/logT( Z ﬁp)logﬁ/logr
PGﬁmg

+(#(n) — 4(n))! o8P s Y gpylosiliosT
Pell, g\, 5

< (ecﬁfn)lflogﬂ/logT2nlog,B/logT + (Cﬂfn)lflogﬂ/log‘r((l - 0)2)n10gﬂ/10g7

_ Bn(log,@/ log T—1)2n10g5/ logr((ec)l—logﬂ/ logT_|_Cl—logB/ logr(l_c)logﬁ/ logT)‘
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Now choose € and C such that
((ec)l—logﬂ/logT + Cl—log,@/log’r(l - C)log,@/logT) <1

For all n > N(e,C') we have:

log B8

log(Spen, , (tP)FE7)
nlog 1

10g(26/7) log((ec)lflogﬁ/ log T + clflogﬂ/ logT(l _ C)logﬂ/ logr)
log(1/7) nlog /1 '

The last term in this sum is negative and hence our proof is complete. O

Proof of 2.2 From [22] we know that the box-counting dimension of
Ag - is given by log(23/7)/log(1/7). Thus Proposition 7.1 and 7.2 im-
mediately imply dimg Ag, < dimp Ag, if 8 € (0.5,1) is the reciprocal
of a PV number. This is first statement of Theorem 2.2. Now the sec-
ond statement remains to prove. The following dimension formula for the
Bernoulli measures bgﬁ on Ag; is a corollary of Theorem II of [17]

1 1—p)log(l —
dime%T:pongr( p)log(l —p)
’ log T

Thus we have by Theorem 4.1 dim g bgﬁ <1lforallp e (0,1)if 5 € (0.5,1)
is the reciprocal of a PV number and 7 is small enough. But on the
other hand we have dimy Ag, > 1 since the projection of Ag, on the
first coordinate axis is the whole interval [—1,1]. This proofs the second
statement of our Theorem 2.2. a

Appendix A: General definitions and facts in di-
mension theory

We will here first define the most important quantities in dimension theory
and then collect some basic facts. We refer to the book of Falconer [6] and
the book of Pesin [18] for a more detailed discussion of dimension theory.
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Let ¢ € IN and Z C IR?. For a real number s > 0 we define the s-
dimensional Hausdorff measure H*(Z) of Z by

H*(Z) = Jim inf{Z(diamUi)s\Z - U U; and diam(U;) < A}
i€l el
where [ is a countable index set. The Hausdorff dimension dimg Z of
Z is given by

dimy Z = sup{s|H*(Z) = oo} = inf{s|H*(Z) = 0}.

Let N.(Z) be the minimal number of balls of radius e that are needed
to cover Z. We define the upper box-counting dimension dimp resp.
lower box-counting dimension dimp of Z by

log Ne(Z)

log N.(Z)
—loge '

dimpZ = lim._.g og
— €

dimpZ = lim,

If the limit it is called the box-counting dimension dimp of Z. We
remark that these quantities are not changed if we replace N (Z) by the
minimal number of squares parallel to the axis with side length € that are
needed to cover Z. Furthermore we note that limit in the definition exists,
if it exists for some exponential decreasing sequence.

Now let p be a Borel probability measure on IR?. We define the Hausdorff
dimension of u by

dimgy p = inf{dimy Z|u(Z) = 1}.
We introduce one more notion of dimension for the measure u. Let
hu(e) = inf{H,(II)|II a partition with diamIl < e} where H,(II) is the

usual entropy of II. We define the upper Rényi dimension dimp resp.
lower Rényi dimension dimp of u by

hu(e)
—loge

hu(f)

dimpp = lim,__, .
impu ime_.g 0 log ¢

dimpp = lim,_,

If the limit exists it is called Rényi dimension dimp of u. The upper
local dimension d(z, ) resp. lower local dimension d(z,p) of the
measure g in a point x is defined by

p(Be(z))

(Be())
log e ’

E(Z‘, ,u) = ms—»O log e

d(z,p) = lim,__,
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One basic fact we like to mention here is that dimensional theoretical
quantities are not increased by projections or more general Lipschitz maps.
This is immediate from the definitions. Basic relations between the di-
mensions introduced here are stated in the following proposition.

Proposition A1l For all Z C IR? and all Borel probability measures p
on IR? we have:

(1) dimHZ SdlimBz S HBZ

(2) d(x, 1) < ¢ p—almost everywhere = dimpg p < c.

(8) d(z, ) > ¢ u—almost everywhere = dimpgp > c and dimpp > c.
(4) d(x, p) = d(z, 1) = ¢ p—almost everywhere = dimpg pu = dimp p =
c.

The first inequality is obvious. A proof of the other statements is con-
tained in the work of Young [28]. If the condition in part (4) holds, the
measure p is called exact dimensional and the common value of the

dimensions is denoted by dim p.

We need one other basic fact in our work which follows from Proposi-
tion 7.4 of [6]..

Proposition A2 If Z C IR? and I is an interval then dimpy(Z x I) =
dimg +1.

Appendix B: Pisot-Vijayarghavan numbers

A Pisot-Vijayarghavan number (short: PV number) is by definition
the root of an algebraic equitation whose algebraic conjugates lie all inside
the unit circle in the complex plane. Salem [23] showed that the set of PV
numbers is a closed subset of the reals and that 1 is an isolated element.
In our context we are interested in numbers 3 € (0.5,1) such that g~}
is a PV number. We list some examples including all reciprocals of PV
numbers with minimal polynomial of degree two and three and a sequence

of such numbers decreasing to 0.5.
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?+z—1 (V5 —1)/2
B4t 4r—1 0.5436898. . .
>+’ —1 0.754877 ...

x> +r—1 0.6823278. ...

2 —a?+22—1 0.5698403. . .
2t —ad—1 0.7244918. . .
" -1 rn — 0.5

Table 1: Reciprocals of PV numbers

An important property of PV numbers is that their powers are near inte-
gers. More precise:

Proposition B1If a is a PV number then there is a constant 0 < 6 < 1
such that ||a"||z < 6™ ¥Yn > 0 where ||.||z denotes the distance to the
nearest integer.

This statement can be found in [5]. There is an another property of
PV numbers that is of great importance for us. For § € (0,1) we denote
by #3(n) the number of distinct points of the for ZZ;(l) +3* and by wg(n)
the minimal distance between two of those points.

Proposition B2 If 5 € (0.5,1) is the reciprocal of a PV number then there
are constants ¢ > 0 and C' > 0 such that wz(n) > ¢B" and t5(n) > Cp™"
holds for all n > 0.

For the first inequality we refer to Lemma 1.6 of [9]. For the second
inequality see formula (15) in [21]. Finally we like to mention that there
is a whole book about Pisot and Salem numbers [2]. Certainly the reader
will find much more information about the role of these numbers in alge-
braic number theory and Fourier analysis in this book than we provided
here for our purposes.
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