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Abstract

We generalise the Theorems of Peres and Solomyak about the absolute continuity resp.
singularity of Bernoulli convolutions ([19], [16], [17]) to a broader class of self-similar mea-
sures on the real line. Using the dimension theory of ergodic measures (see [11] and [2])
we find a formula for the dimension of certain self-affine measures in terms of the dimen-
sion of the above mentioned self-similar measures. Combining these results we show the
identity of Hausdorff and box-counting dimension of a special class of self-affine sets.
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1. Introduction

Self-similar sets and measures are the simplest objects of fractal geometry. They raised great
interest in mathematics and also natural science. If the images of the similarities are sepa-
rated we know the Hausdorff and box-counting dimension of the corresponding self-similar sets
and measures.?. But if these images overlap the situation is more difficult. Recently one major
progress was achieved by Peres and Solomyak (see [19], [16], [17]). They succeeded in determin-
ing generic properties of symmetric overlapping self-similar measures on the real line (Bernoulli
convolutions). In this article we will use techniques developed by Peres and Solomyak to find
a generalisation of these results to asymmetric overlapping self-similar measure on the real line
(see Theorem I below).

Self-affine sets and measures provide a more general class of fractal objects. The dimensional
theoretical properties of these sets and measures are very difficult to understand. The existence
of different rates of contraction in different directions of the affine maps inducing these sets and
measures forces mathematical problems that are not solved in general these days. We will use
here a dynamical approach relying on the dimension theory of ergodic measures(see [11] and
[2]). We will find an expression of the dimension of certain self-affine measures in terms of the
dimension of overlapping self-similar measures (see Theorem II below).

Using these results we are able to find generically self-affine measures of full dimension on a

ISupported by "DFG-Schwerpunktprogramm - Dynamik: Analysis, effiziente Simulation und Ergodentheo-
rie”. The contents of this work is part of my dissertation [14], which was supported by ” Promotionsstipendium
der Berliner Universitaten”

2We recommend the book of Falconer [6] or the book of Pesin [15] for an introduction to fractal geometry
and dimension theory. All notions we presuppose here can be found in this books.
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special class of self-affine sets. As a consequence we show that the Hausdorff dimension of these
sets equals theirs box-counting dimension, which is easy to calculate (see Theorem III below).
The rest of the paper is organised as follows: In section 2 we give some definitions and state
our main results. In section 3 we proof Theorem I, in section 4 we proof Theorem II and in the
last section we proof Theorem III.

Acknowledgements [ like to thank Jorg Schmeling, who helped me a lot to find the results
presented here.

2. Notations and results

Let ¥t = {—1,1}™0 and let ¥ = {—1,1}%. Define a metric d on X+ resp. ¥ by
S t) = Z |Sk — tk|27‘k|
k=j

where j = 0 resp. j = —oo and s = (si), t = (tx). Moreover let b for p € (0,1) be the
Bernoulli measure on X" which is the product of the discrete measure on {—1,1} assigning
1 the probability p and —1 the probability (1 — p). Given s € T we denote by fx(s) the
cardinality of the set {s;|s; = —1 ¢ = 0...k}. Now for 81,5, € (0,1) we define a map
TBy,8s - Y — IR by

7T,317,32( ) ZS ﬁ k Hie(e)+1

k=0

Obviously this map is continuous with respect to the metric d and its image is in the interval

[+ %9, - ] Hence b, 5, := mg, 5,(0°) = bP o my "5, is a Borel probability measure concentrated

on [=2

T ﬂr), T ﬁ |. Tt is easy to see that bp 5,5, 18 a self-similar measure in the following sense

%1,52 - le(bghﬁz) + (1 B p)LQ(bgh&)

where Li(x) = 1z + B; and Lo(x) = fox — [9 are linear maps on the real line.

If 51+ 2 > 1 we call the measure b%’hﬂ2 overlapping and if 5, + 32 < 1 we call it non-overlapping.
Properties of non-overlapping self-similar measures are well known. In the non-overlapping case
bgl 5, 1s concentrated on a Cantor set and it’s Hausdorfl and box-counting dimension are given

y ppl?fgp;lg(lp)g?é;ﬁf) (see [8]). Now let 8 € [0.5,1). The symmetric overlapping self-similar
measures by 1= b% 5 are usually called Bernoulli convolutions. The equal weighted Bernoulli
convolutions bs := by raised great interest in mathematics since Erdds ([4], [5]) discovered that
bs is absolutely Contlnuous for almost all 5 in some neighbourhood of one and singular if /3 is
the reciprocal of a Pisot-Vijayarghavan number.? Recently one major progress about Bernoulli

convolutions was achieved by Peres and Solomyak:

3Recall that a Pisot-Vijayarghavan number is an algebraic integer a > 1 which has all it’s conjugates inside
the unit circle; see [1]. Consequences of number theoretical peculiarities in the dimension theory of dynamical
systems are part of my dissertation (see [13], [14] and references in there).
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Theorem ([17])

Let p € (0,1) and ¢ € (1,2]. Let I = [0.5,1] if p € [1/3,2/3] and let I = [0.5,0.649] if not.
For almost all 3 € I the measures bj; are absolutely continuous if 5 > pP(1 — p)'™P and have a

density in L7 if > (p? + (1 — p)q)q—%. If 5 < pP(1 — p)'~P the measures bj; are singular with

plogp+ (1 —p)log(l —p)
log (3

ﬁBb% <
Remark

Solomyak [19] first proved that bg is absolutely continuous with density in L? for almost all
$ € ]0.5,1]. Then Peres and Solomyak [16] gave a considerably simplified proof of this state-
ment and then proved the more general result stated here.

As far as we know the overlapping asymmetric self-similar measures b’ﬁ’l’ 5, have not been studied
jet. This will be done here:

Theorem 1

Let p € (0,1) and ¢ € (1,2]. For almost all (3;,32) € (0,0.649)% the measures bglh are
absolutely continuous if (Byp)?(B1(1 — p))'™? < B13, and have a density in L7 if (8 'p? +
=11 —p)q)q+1 < BB If (pB2)?P((1 — p)B1)' 7 > b1, the measures by, 5 are singular with

plogp + (1 —p)log(l—p)
plog B1 + (1 — p) log 3

ﬁBbﬁ <

Remarks

(1) We have to say a few word about the bound 0.649 that appears in theorem I. In step
4 of the proof we will see that it is due to a certain transversality condition that we need. In
fact the bound is given by the infimum of all double zeros of power series with absolute value of
the coefficients less or equal to one and first coefficient equal to one. An lower approximation
of this quantity is 0.649 (see [19]). Peres and Solomyak ([19], [16], [17]) used some additional
arguments concerning Fourier transformations to improve this bound to 1 in the symmetric
situation if p € [1/3,2/3]. These arguments do not work if p < 1/3. Moreover we have not
been able to improve the bound in the asymmetric situation and do not know if this bound is
really essential.

(2) It is an interesting question if there are numbertheoretical exceptions to our generic re-
sult in the asymmetric situation. We have thought about this but have been not able to solve
the problem.
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Now given 9 = (81, B2, 71,72) € (0,1)* with 7, + 75 < 1 we consider two affine contractions
in IR?:

Ti(z,y) = (brx + 1,y +11) and T_i(z,y) = (fox — Ba, oy — ).

A

T

T4

Do

Figure 1: The action of the transformations 7} and 7" ; scaled on the unite square

We know that there is a unique self-affine set Ay with Ay = T7(Ay)UT_1(Ay) (see [9]). Define
the natural coding homeomorphism 7y from ¥ onto Ay by

—B: B
1= 51—

—T2 1

-

ﬁg((sk)):nﬁl)anslo 520...0Tg ([ ]X[l_T2,1_T1

Given p € (0,1) we define a Borel probability measure 55 on Ay by V) = 7tg(b?) = b o 7ty . It
is obvious that bl is a self-affine measure in the following sense:

Wy = pTi(bh) + (1 — p)T-1(b5).

Using the results of Ledrappier and Young [11] we can express the dimension of the self-affine
measures by in terms of the dimension of the self-similar measures bj;, 4,:
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Theorem 11

Forallp € (0,1) and all ¥ = (71, 7o, 1, 32) € (0,1)* with 7, +7 < 1 and plog 7+ (1—p)logm <
plog 81 + (1 — p) log B2 we have

5 - 1 1—p)log(l— 1 1—-9p)l
dimy B, = dimy B = P ogp+ (1 —p)log(t —p) . plogfhi+ (1 —p)logf,
plogm + (1 —p)logm plog + (1 —p)logm

) dimH b%l,ﬁ?‘

Remark

The condition plogm + (1 — p)logm < plog B + (1 — p)log S, means that the second co-
ordinate axis forms the strong unstable direction with respect to the measure ) (see section
4).

With the help of Theorem I and Theorem II we get the following result about the dimen-
sion of the self-affine sets Ay:

Theorem III
For almost all ¥ € {(B1, B2, 71, 72) € (0,0.649)? x (0,1)? | B1 + B2 > 1, 71 + 7 < 1} we have

~

dlmeg =dimyg Ay =dimp Ay =d+1,
where d is the solution of 3,7% + $27% = 1 and p = By 7.
Remarks

(1) We like to emphasise the difference of our result to the ”classical” theorem of Falconer
[7] about the identity of box-counting and Hausdorff dimension of self-affine sets. First of all
Falconer’s result is generic with respect to translations of given linear maps but our result is
generic with respect to the contraction rates. Secondly Falconer had to assume the the con-
traction rates are less than 1/3. Solomyak [20] improved this bound to 1/2 and showed that
Falconer’s theorem does not hold if we replace 1/2 by 1/2 4§ where § > 0. In our situation we
have larger contraction rates.

(2) Consider the symmetric self-similar sets Ag, := Agg,. It follows from Theorem II and
[19] that for almost all 8 € (0,5,1) and all 7 € (0,0.5) the identity

log 2/
log ™

60.5

dlmH B,8,7.7 = dlmH Aﬁﬂ- = dlmB Agﬂ- = +1

holds. This identity has been shown before by Pollicott and Weiss [18] under the assumption
that 3 is a Garsia-Erdés number.*

4This means 3 C > 0 Vx € IR : card{(so, - .,8n—1) € {—1,1}"| ZZ;& spBF €[z, x4+ B} < C(28)" ¥n > 1.
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3. Proof of Theorem I
Part I: Absolute continuity

By the theorem of Fubini the following claim is stronger than our assertions about the absolute
continuity of the measures bglh in theorem I.

Claim: Let p € (0,1), ¢ € (1,2] and ¢ € (0,1]. The density of the measures 0% . is in L9

for almost all v € [yo(c, g, p), 0.649] where (¢, ¢, p) = (p? + ' 79(1 — p)q)q%l.
We proof this claim. Fix p, ¢ and ¢ during the proof.
1. Step: An integral condition for the measures to have density in L4

We define the (lower) local density of a measure p on the real line by

p(B, ()

D(p,x) = lim, o=

If we have

[ @0, 2)) () < o0

then p is absolute continuous and has density in L9. This follows from 2.12 of [12]. Thus it is
sufficient for us to show that

0.649
SO0 = [ [ (D0 0) i () dy < o0
0
holds for all vy > vo(c, g, p).
2. Step: Some estimates on the integral &

By applying Fatou’s lemma then changing variables using the definition of the measures 0% .,
and reversing the order of integration we obtain:

S(00) <timy s [ [ O (B )y

= lim,_ 27"; /70649/ %cv B, (my,64(8))))" b dbP(s)dy

) 1 0.649 1
=tim, oo [ (Bl () drdir(s)

0

Applying Hélder’s inequality, [ f¢ < Cl(f f)® where o € (0,1] and f > 0, we get

() < ClhmT*)O Ja1 /2+ /WO 649 oy (Br(Ty,04(8)) dy)? 1dbP(s).
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Now note that

0.649 0.649
A bg,cw(Br (Tv,cw(ﬁ))) dy = /70 /lBr(m,m(é))(I) dbgm(ar)dfy

0.649
= / L{t] . (5) -y, () <} 0P (D) by
2l =+

0

= [ 44 € Do, 0.649]] [0, () = . (O] < ) dBP(0)

where ¢ denotes the Lebesgue measure. Thus () is bounded from above by

. 1 g—1
Culim, oy [ 0 € b 0819] () = 7o O] < 1) P )" a4,

3. Step: Using the structure of the map 7g, g,

For s = (sg) and ¢t = (tx) in X7 let |s A t| = min{k|sy # tx}. We have

o

d)ﬁ,i('Y) = Ww,cv(ﬁ) - Ww,cv(i) = Z(Skcﬂk(i) - tkcuk(i))VkH
k=0

o
— ,y|§/\£|+1 Z(Skﬂy\ﬂcﬁkﬂy\g () _ tk+|§,\£‘cﬂ’“+‘“i‘ (D)’Yk
k=0

Brtisngl(8) fr+1sng) ()

— trtlsn©
flsng (8) _ t|s/\t‘cﬁ\£/\§\ (t)

o0
Sk+|snt|C

— ,Y‘ﬁ/\IHl(S|§/\£|Cﬂ|§/\§|(§) _ t|§/\ﬂcmi/\£‘ (I))(l + ’Yk)

k=1 S|snt|C

v

~~

=ag (§7§)

o
— 1/2(5@\2‘ _ t\y\ﬂ)(l + C),Y\§/\t\+lcﬁmﬂ—1(§)(1 + Z ak(& i)’yk)-
k=1
For the last equation we used the fact that fy-1(s8) = fsny—1(£).°> Now setting g,,(v) =
14+ 300 a(s, t)y* and Co = 1/2(815ny — tisny) (1 + ¢) we have the formula

by 1(7) = CoylHH hsnt=1&) g (),

Here the absolute value of Cy does not depend on s and t. We now claim that the absolute
value of the coefficients of the power series g, is less or equal to one:

lag(s, 1) <1 Vk>0ands teX™.
Since fisny-1(8) = fjsngy-1(t) we can write

(12 (s)) L) (o121 (1)) Wil

t)] =
ar(s. 1) —

5We use the convention that #,(s) = 0ifn <0
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But we have
(022 (8))e™ M — (o2 (1)), O] < @] 4 IO <1 4

by the definition of |s A £], which proves our claim.

4. Step: The transversality condition

Now we need some pure analytical tools to continue with the proof. We say that the p-
transversality condition holds for a C'! function g on a closed interval I if g(z) < p = ¢ (z) >
p Vx € I. This means that the graph of the function g crosses all horizontal lines that it meets
below height A transversally with slope at most —p. Obviously the transversality condition
holds for some p on an interval I if and only if ¢ has no double zero on the interval I

(9(x) =0=g'(z) A0V € I).

If we have the p-transversality condition for g on I then
Ha e Il|lglx)| <r} < 2rp? Vr > 0.

This is easy to see. If r > p then the claim is obvious. If » < p then g is monotonous decreasing
with ¢ < —p on the set {x € I||g(x)| < r} by p-transversality. But this immediately yields the
assertion.

From [19] we know that

@]
O := inf{z|z is a double zero of a power series f =1+ Y _ az” with |a,| < 1}
k=1

~ (0.649138.

It follows that there is a p such that the p-transversality condition holds for all power series
f=1+3%, apx* with |ai| < 1 on the Interval [0, O]. Especially p transversality holds for all
power series g, defined in the third step of our proof on [0, 0.649]. Thus we get

Hy € [0, 0.649]] [95(7)] < 7}

< {7y € [70, 0.649]| |9y (7)] < 7| Cof Ty TN TR0}
< 2,0’17"|Cg|’W&'é/\ﬁ*lc_ﬂ'@i‘—l(g = Cgry(;'é/\ﬂ*lc_méw—1@ with O3 =2p 1Oy 1.

5. Step: Integrating

We put our estimates of step two and four together and obtain

S(0) <G [

3

L et )t )
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where Cy = C,C%'2'-%. Now we integrate:

/+,y(]—\5/\t| Ltsnt—1( ny_" 1 etn—1( b ({t € E+| s At| =n})
b

= "Wt — ) (s,(1/2 - p) + 1/2).

Using the inequality (3 x;)* < > z¢ for a« = ¢ — 1 < 1 we continue with

3(70) < C4 i/z+(vo”16”"‘1(§)p”””‘1(§)(1 =)t (s,(1/2 = p) +1/2)) 1P (s)
= O, i_oj 3 (A = p) 4 p A = ) Yo (R — p)r ) s € S (s) = k)

= Ci((L =)+ (L)) Z(v(:‘q—”«l = D) )"

The sum in the last expression converges if and only if v5 > yo(c, ¢, p) = (p? +c'79(1 — p)q)q%l.
So ¥(70) < oc holds for all vy > (¢, ¢, p). This proofs our claim.

Part II: Singularity

Fix 31, f2,p € (0,1). We define a metric 6°1%2 on ¥+ by

5ﬂ1’ﬂ2 (§’ z) — /6|1§/\£|7m£/\§|71(§) g\i/\ﬂfl(é)‘

We first show that

log BB1:P2 1 1 — p)log(l —
1525, ) = lim 108D (8) _ plogp+ (1~ p)log(1 — p)
e—0 log e plog B1 + (1 — p) log 55
holds bP-almost everywhere. Here d?2 is the local dimension of the measure b with respect

to metric 8172 and accordingly B172 is a ball of radius € with respect to this metric.
Let o be the shift map on X1, i.e. o((sx)) = (sgy1) and defiene a cylinder set [sq, ..., splo by

[80,...,Sn]0 = {(tk) €E+|tk28k k:(]n}

It is well known that the system (X7, 0,0”) is ergodic. Hence by applying Birkhoff’s ergodic
Theorem (see theorem 4.1.2. of [10]) to the function

. logﬁl if So = 1
M) =1 1ogp, it sp= -1
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we obtain
) 1 ) 1 n-l—l
nhl>nwn+1 log diamg, g, ([0, - - -, Sno) _nhl>nmn+ /h dbP (s

= plog f1 + (1 — p) log 55 b? — almost everywhere.
By Shannon-McMillan-Breiman Theorem (see theorem 13.4. of [3]) we have

lim — log 07 (S0, - - - » Sn)o) = huw (0) bP-almost everywhere,

where hy (o) is the metric entropy of the shift map o with respect to the ergodic measure OP.
With the help of the well known formula h,(b?) = —(plogp + (1 — p)log(1 — p)) (see section
4.4. of [10]) we get

18152 (s,0°) = lim log b ([s0; - - - ; Snlo) _ plogp + (1 — p)log(1 — p)
n—o0 diamg, s, ([So, - - - Sn)o) plog 1 + (1 — p) log /3

Now we claim that the map 73, g, is Lipschitz with respect to the metric §°1:%2:

|7Tﬁ1,ﬁ2( ) B, 52 |< Z |S ﬁk i (s)+1 —t ﬁk e (2t gk(§)|
k=|sAt|

[sALl=H1saej—1(8) SHsag—1(8)
1 2

i |Sk+\s/\t|5f7 (oA =8 (s))+1 ﬂk(g|§/\i|( ) _ tk+|s/\t|5k (o127 (£)) 11 ﬁk(0.|s/\t\( ))|

2
1 — max{p, B2}
Recall that we have by definition 7, ,(b?) = b} 5,. Hence we get that

< 5ﬁ1 ﬁz( )

108 U5,5.(Be(w)) _ plogp+ (1 — p)log(1 — p)
—0 log e ~ plogBi+ (1 —p)log B

holds b 5 -almost everywhere. By proposition 4.2. of [23] this implies the upper bound on the
box-counting dimension of the measures bglh stated in Theorem I. The singularity assertion
is just an obvious consequence of this upper bound.

4. Proof of Theorem I1

We want to apply the general dimension theory of ergodic measures developed in [11] and in
some sense completed in [2] in order to find an expression of the dimension of the self-affine
measures bl in terms of entropy, Lyapunov exponents and the dimension of the self-similar
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measures b, 5 . In order to do so we define a auxillar map. Let Cy = [1’_%’2, flﬁl] X 175, 1] X

[—1,1] and consider the map fy : Cy — Cy given by

(Brx+ B1, iy + 11,22 —1) if 2> 0.5,

fﬁ(xayaz) = { (/621. _ ,BZ,TQy — 7'2’22 —+ ]_) if z<0.5.

This map has an attractor Ay which is given by the product of the self-affine set Ay with the
interval [—1, 1]. We define a shift coding for the dynamical system (Ay, fy) in the following way:
Let ¢ : {—1,1}#" +—— [~1,1] be given by ¢((s;)) = X2, s x27% and define 7y : ¥ — Ay by
To((sk)kez = (To((Sk)remy), t((Sk)rez-)- This coding map can be shown to have the following
properties:

(1) 7y is continuous and onto Ay.
(2) 7y is a bijection from 3 = (X\{(sx)[FkoVEk < ko : 5, = 1}) U{(1)} onto Ay.
(3) Ty conjugates the backward shift map o~ and fy on .

Define measures b on Ay by b, := Ty(b?) = b o T;'. These measures are ergodic with
respect to fy by the properties of the coding map. Moreover we have Lyapunov exponents for
the dynamical systems (A, fy,b5): Let E* = span{(1,0,0),(0,1,0)}, E** = span{(0,1,0)} and
E" =span{(0,0,1)}. If we have plog + (1 — p)logms < plog 51 + (1 — p)log 3 then

: 1 n u
nh_r)nooﬁlogHDXfﬂvH:logQ Vv e B,
.1 —_— plogfi+ (1 —p)py if ve ES\E*,

n@mﬁlog||DXfﬂv||_{plog71+(1—p)log72 if veFE*
holds b5-almost everywhere. This is easy to see using Birkhoff’s ergodic Theorem ( see Theorem
4.1.2. of [10]). To apply the theory of Ledrappier and Young [11] the existence of Lyapunov
exponents is not enough. In addition one needs appropriate Lyapunov charts (see section 4 of
[21]). Ledrappier and Young considered C? diffeomorphisms in order to guarantee the existence
of such charts. But from Schmeling and Troubetzkoy (see section 3 of [21]) we know that
Lyapunov charts exist for a hyperbolic system with a singularity if the set of points that does
not approach the singularity with exponential speed has full measure. More precise following

[21] we have to show that:
W({x € Ayl > 0Vn >0 d(f*(x),S) > (1/l)e”"}) =1 Ve>0

where S = [;%’2, lflﬁl] X 1177?2, 11171

| x {0} is the singularity of the system. Let us proof this:

Fix € > 0. First note that it is sufficient if we show
Bg({x € A,,Q|E|(nk)k€ﬂv — oo Vk >0 d(fnk(X), S) < 6767““}) =0

because if we have for a point x that there ny such that forall n > ng d(f"(x),S) > e " holds
then there exists [ > 0 such that d(f"(x),S) > (1/l)e~" forall n > 0.
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By the properties of the coding map this assertion is equivalent to the following statement
about the symbolic system (2, 07", bP):

'(N) = 0 where N := {s € zA:|E|(77ch)l~celz\f — oo Vk >0 CZ(O'_n’c (s), S’) < e}

and S = {s € ©|s_; = 1 and s, = —1 Vk < —1} is the pre-image of the singularity under the
coding map Ty.

If s € N we have d(o ™ (s),S) < e “*Vk > 0. By the definition of the metric d this implies
that o~"(s) is contained in a cylinder set [—1, —1,..., —1,1] [ee,]1 forall k > 0. where [z]

~~

[ceng]
denotes the smallest integer bigger than x and the constant ¢ is independent of €, n; and s.

This shows that (0%(s))_o # 1 for i = ny, ..., ng + [ceny] — 1 forall k£ > 0. Thus we have
N C {§|E|(nk)keﬂ\7 — oo Vk >0 : (O’i(§)),2 7§ 1 1= Ny N+ [cenﬂ — 1}
Applying lemma 7.1. of [22] to the ergodic system (X, 01, b?) we obtain b (N) = 0.

Now we know that we are allowed to apply the results of [11] in our context. Define parti-
tions W* in the stable and W?*° in the strong stable direction of fy by the partition elements
Wiz) = [, 125 x [ 12] x {2} and We(,2) = {o} x [, 1] x {}. We claim
that the conditional measures with respect to the measures b, on the partition W* are given by
the self-affine measure b and that the transversal measures of the nested partition (W#, W**)

in the sense of [11] 11.4 are given by the self-similar measure b 5. Let # = b o ,~". From

the product structure of the map 7, it follows easily that b}, = 35 x (P. This implies our first
claim. We have just by definition 7y = (7g, g,, 7r, 7). Thus the projection of 3’5 onto the first
coordinate axis is the measure bf. But this projection forms the transversal measures by the
definition of our partitions.

Now Theorem C of [11] gives us

bz (f9)
—Z5(by)

2°(by)
2+ (by)

dimp b = dimy b = +(1— ) dim b,

Here =Z* (%) is the stable Lyapunov exponent given by plog 1 + (1 — p) log S, and Z%5(bf) is the
strong stable Lyapunov exponent given by plogm + (1 — p)log . The metric entropy of the
system (Ay, fy,0}) is —(plogp + (1 — p)log(1 — p)) because the system is measure theoretical

conjugated to the Bernoulli shift (3, 07!, b”) via 7y. Hence the formula stated in Theorem II
is proved.

5. Proof of Theorem III

Let P = {(/61,/62,7—1,7_2) S (0,0649)2 X (0,1)2|ﬁ1 + ﬁg Z 1, T+ T < 1} Given
Y = (B1, B2, 71, T2) € Plet d = d(9) be the solution of ;7% + 3,7 =1 and let p = p(v) = By 7.
First of all we show that the box-counting dimension of Ay is given by d+ 1 for all ¥ € P. This
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is just a nice exercise:

Given a real number » > 0 we define a set of finite sequences by
Xy i ={(s1,...,s) | min{r, n}r <77, ...7,, <r wheres; € {1,2} Vj =1...k}.

Notice that the sequences in X, have not the same length. Let k(r) be the maximal length of a
sequence in X,. We observe that for every sequence (s;) € {1,2}*) there is an unique k such
that (s1,...,s;) € X,. Thus we get

Z BeyBoy - By (Tey Ty -+ - Ty )

(517---’510)6)(7'

= > BaBss - By (TeiToy oo T ) (BT + 52751)15(1")%

(51’~~~75k)€X7‘

— 3 BsiBss - By (TorTos - - Tz ) = (Brri + BorhF) = 1. (1)

('91 7--'7sk(r))e{172}k(r)

Beside equation (1) we need one more fact. Let v be the unique positive number satisfying
70 + 75 = 1. Since 71 + 75 < 1 we have v <1 < d+ 1. Consequently

Z (T, Tsy - - .7'3,6)‘1+1 < Z (Toy Ty - - Tsp, )" = 1. (2)

(317"'7'3]6)6)(7‘ (317"'7‘9]6)6)(7‘

Now we define a cover of Ay by

Cr ={mo([K(s1)s .- 6(sK)]o)| (515 -+ 8k) € X, }

where £(1) = 1 and k(2) = —1. Since {[k(s1),...,k(sk)]o|(s1,-..,5k) € X, } is a cover of X
we have that C, is in fact a cover of Ay.

An element of C, is a rectangle parallel to the axis with z-length 25, 5;, ... s, and y-length
27, Tsy ... Ts,. We cover each of this rectangles by squares parallel to the axis of side length
27T, Ts, - . . Ts,. We choose the squares in a row such that they only intersect in their boundary.

So we get for each rectangle a covering by

[MW squares. In this way we obtain a new

Tsq Tsg e+ Ts,
cover C, of Ay, which consists of squares with side length in (2min{r, 7 }r, 2r]. Furthermore
the number N(r) of elements in C, is given by

N(T) — Z [w]

(s1msn)eX, To1Ts2 o To

Now we have the upper estimate

N(r)rd+1 < min{y, 72}_(d+1) Z [MW (T, Ty - - .Tsk)d+1

(815--8k)EXy Ts1Tsy -+ - Tsy
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S min{Tl, 7—2}7(d+1)( Z 551552 e 5510 (7_517_52 P Tsk)d + Z (7_517—52 e TSk)d+1)
<M/ 9 min{r, 72}—(d+1)

Bs1Bss - - - sy

Tg1Tsy « -+ Ts

d+1

N(r)rétt > oo

1(Tsy Tsy - - - Ts;,)
k

> Z BsiBsy - - - By, (Tsy Ty - - .Tsk)d =1,
(815eeesSk)EXy

Now let N(r) be the minimal cardinality of an arbitrary cover of Ay with squares parallel to
the axis of side length 2r. Obviously we have N(r) < N(r) but we need another argument for
an opposite estimate.
Let R be a rectangle in the cover C,.. We see that the projection of AyNC, on the z-axis has the
full z-length of the rectangle since we assumed ; 4+ 35 > 1. This implies that the intersection
of each square in C, with Ay is not empty. Thus if we have a cover of Ay each element of C,
has to be intersected by at least one element of the cover. But one square with side length 2r
can not intersect more than 9 min{ry, 7'2}_2 squares in C’T because the squares in C’T have side
length bigger than 2 min{7, 72 }r and intersect, if at all, only in the boundary. It follows that
N(r) > 1/9min{r, 7 }2N(r).
Putting our estimates together we obtain

1
9 min{7y, 7'2}2 < N(r)rd+1 < 2min{mn, TQ}_(d+1)

which implies our claim.

Now we go on with the main proof. Note that plogp+ (1—p)log(1—p) > plogm +(1—p)logm
holds for all p € (0,1) since 7; + 75 < 1. This implies the inequality plog 8; + (1 — p) log B >
plogm + (1 — p) log 75 using the definition of p. Hence we can apply Theorem II and get after
a short calculation dimg bglh =1=dimg I}S = d+ 1. Thus it only remains to show that for
almost all 9 € P we have dimg bgh& = 1. We now show this.

Note that if the relation log 72 logp/B8; = log 71 log(1 — p) /B2 := d holds for some 7,75 € (0,1)
with 7 + 7 < 1 then

(pB)P((1 — )52)1 b= (515271) (515272) ﬁlﬁﬂfipngl < B1Ba.
Thus it follows from Theorem I that for all p € (0, 1) there exists a set A(p) C (0, 0.649)% with
*(A(p)) = €%((0,0.649)%) such that for all (8, 32) € A(p) and all 7,75 > 0 with 7 + 7 < 1
and log 7 logp/f1 = log 1y log(1 — p) /B2 we have dimp b g5 = 1. Let G(11) be given by the
following union:

U {(B1.Bo. m2)|(B1. B2) € A(p) . i+ 12 <1, logmlogp/Bi = logr log(l — p)/Ba2}.

p€(0,1)
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It is easy to see that the union

U {(51;52;72”(51752) € (0;0-649) , M+ T2 <1, logn logp/ﬁl = logn log(l —p)/ﬁ2}

p€(0,1)

equals the set {(81, B2, 72)|(B1, B2) € Plons » T + 72 < 1}. By the Theorem of Fubini we thus
have €3(G(7'1)) = EB{(51,52,72)|(/81,/82) S (O, 0649)2 , T1+ T2 < 1} Now let

G= | {(B1,52,71,72)|(B1, 2. 72) € G(T)}.

T71€(0,1)

Note that we have G C P and (*(G) = (*(P). Moreover by definition we have dimp b 5 =1
for all ¥ € G if p fulfills log 75 log p/ B, = log 7 log(1—p)/f2. Butif p = g7 and 78+ Bomd = 1
then this relation holds. Thus the proof is complete.
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